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Abstract
We consider an infinite planar straight strip perforated by small holes along a curve.
In such domain, we consider a general second order elliptic operator subject to classical
boundary conditions on the holes. Assuming that the perforation is non-periodic and
satisfies rather weak assumptions, we describe all possible homogenized problems. Our
main result is the norm resolvent convergence of the perturbed operator to a homogenized
one in various operator norms and the estimates for the rate of convergence. On the basis
of the norm resolvent convergence, we prove the convergence of the spectrum.
MSC: 35B27, 35P05
Keywords: perforation, elliptic operator, unbounded domain, homogenization,
norm resolvent convergence
1 Introduction
Problems in perforated domains is one of the classical objects in the modern homogenization
theory. It is impossible to cite all the works in this field and we mention only the books
[36], [43], [44], [47], [52], and some recent papers [2], [18]–[21], [23]–[30], [40]–[42], see also the
references therein. One of the considered models is a perforation along a curve or a manifold.
Let us describe briefly a typical formulation of boundary value problems in domains with such
perforations.
Given a bounded or an unbounded domain, we choose a manifold of codimension one
in this domain. Along this manifold, a perforation is made by small holes. The distances
between the holes are assumed to be small. In this perforated domain an elliptic boundary
value problem is considered with one of the classical boundary condition on the boundaries
of the holes. The main aim is to study the behavior of the solutions to these problems as the
sizes of the holes and the distances between them tend to zero.
The first question addressed in studying the above problems was the description of the
homogenized problems whose solution are the limits (in some sense) for the solutions of the
original problems. This issue was studied in [2], [23], [24], [29], [30], [40]–[42], [44], see also
the references therein. In all these works except [44] the operator was either the Laplacian
or the Laplacian plus a constant. In [44] a general elliptic operator was considered. In this
book two problems were studied. The first of them is the Dirichlet problem for a general
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elliptic equation of even order. The second problem is the Neumann problem for a second
order elliptic equation. The geometry of the holes and their distribution were arbitrary. In
[2] there was considered the Poisson equation in a bounded two-dimensional domain with a
periodic perforation along the boundary. In [29] a variational inequality for the Laplacian was
considered in an arbitrary domain. The perforation was periodic along a given manifold and
it was assumed that the linear size of the holes is much smaller than the distances between
the holes. At the boundary of the holes a nonlinear Robin type boundary condition was
imposed. In [30], [41] a similar boundary value problems for the Poisson equation (not for a
variational inequality) were studied. Papers [23], [24], [40], [42] were devoted to a non-periodic
perforation. In [40], [42] the Poisson equation in a bounded multi-dimensional domain was
studied. The sizes of the holes and the distances between them were of different smallness
order. The boundaries of the holes were subject to one of the classical boundary conditions. In
[24] the Dirichlet condition on the boundary of the holes was imposed. There were considered
eigenvalue equations or equations for the resolvent of the Laplacian. The perforation was
along the boundary. Similar model was treated also in [23], but here the holes were placed
randomly, namely, by means of an ergodic dynamical system. The main result of [2], [23],
[24], [29], [30], [40]–[42], [44] was the classification of the homogenized problems depending
on the geometry of the holes, their distribution and the condition on the boundary of the
holes. The convergence of the perturbed solutions to the homogenized ones was proven. This
convergence was established in a weak or a strong sense. Namely, a typical result stated that
a perturbed solution converges to a homogenized one weakly or strongly in W 12 or strongly in
L2 for each fixed right hand side. For some models the estimates for the rate of convergence
were established. Being reformulated in terms of the resolvents, the above results say that
the resolvents of the original operators in perforated domains converge to the resolvent of the
homogenized operators and the convergence is valid in a weak or strong resolvent sense.
In [25]–[28], there were studied the eigenvalue problems for the Laplacian in a domain
perforated along a part of the boundary. The sizes of the holes and the distances between
them were of the same smallness order. The condition on the boundaries of the holes was the
Dirichlet one. The main result of these papers is the asymptotic expansions for the eigenvalues
and the eigenfunctions.
Approximately a decade ago a new direction in the homogenization theory was initiated. It
was found for the operators with fast periodically oscillating coefficients that their resolvents
converge to the resolvents of the homogenized operators in the norm resolvent sense. This
was a much stronger result in comparison with known classical results stating just a weak or
a strong resolvent convergence. The results on norm resolvent convergence were obtained by
M.Sh. Birman, T.A. Suslina [3], [4], [5], [53], [54], [55], V.V. Zhikov and S.E. Pastukhova [17],
[50], [51], [56]–[58], G. Griso [31]–[34], and by C.E. Kenig, F. Lin, Z. Shen [37], [38]; see also
other papers by these authors. Moreover, in the above cited works, the authors succeeded to
establish sharp estimates for the rates of convergence in the sense of various operator norms.
In view of the above described results, a natural question appeared: whether a similar
norm resolvent convergence is valid for other types of the perturbations in the homogenization
theory? This issue was studied recently for certain perturbations in the boundary homoge-
nization.
In [8], [9], [10], [11], [12] problems with frequent alternation of boundary conditions were
treated. The norm resolvent convergence was proven for all possible homogenized problems
as well as for both periodic and non-periodic alternations. The estimates for the rate of
were obtained. In periodic cases certain asymptotic expansions for the spectra of perturbed
operators were constructed.
In [13], [46], [48, Ch. III, Sec. 4] the norm resolvent convergence for problems with a
fast periodically oscillating boundary was proven. The most general results was obtained in
[13]. Namely, various geometries of oscillations as well as various boundary conditions on the
oscillating boundary were considered. There were obtained estimates for the rate of norm
resolvent convergence in the sense of various operator norms.
The norm resolvent convergence for periodic perforations was studied in [44], [50]. In
[44] the whole of a domain was perforated. The operator was described by the Helmholtz
equation; on the boundaries of the holes the Dirichlet condition was imposed. The authors
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treated the case when the holes disappeared under the homogenization and made no influence
for the homogenized operators. The norm resolvent convergence was proven; no estimates for
the rate of convergence were found. In [50], an elliptic operator in a perforated domain was
studied. Here again whole of the domain was perforated. It was assumed that the sizes of the
holes and the distances between them are of the same order of smallness. On the boundaries
of the holes the Neumann condition was imposed. The norm resolvent convergence and the
estimates for the rate of convergence were established.
One more interesting paper devoted to norm resolvent convergence is [57]. Here the
perturbation was defined by rescaling an abstract periodic measure. The main result is the
description of the homogenized operator, the proof of the norm resolvent convergence, and the
estimates for the rate of convergence. A general model of [57] covered various perturbations
including periodic perforation of the whole of a domain provided the sizes of the holes and
the distances between them are of the same smallness order.
In the present paper we consider a general second order elliptic operator in an infinite
planar strip perforated along a curve which is either infinite or finite and closed. The sizes
of the holes and the distance between them are described by means of two small parameters.
The perforation is quite general and no periodicity is assumed. Namely, both the shapes
and the distribution of the holes can be rather arbitrary. On the boundary of the holes we
impose one of the classical boundary conditions, i.e., Dirichlet or Neumann or Robin condition.
Boundaries of different holes can be subject to different types of boundary conditions. To the
best of authors’ knowledge, such mixtures of boundary conditions were not considered before.
One of the possible physical interpretations of our operator comes from the waveguide
theory. Namely, our operator describes a quantum particle in a waveguide modeled by an
infinite strip, and since the coefficients of the operator are variable, the waveguide is not
isotropic. The perforation can be interpreted as a series of small defects distributed along
a given line, while the conditions on the boundaries of the holes impose certain regime, for
instance, the Dirichlet condition describes a wall and the particle can not pass through such
boundary. Then the homogenization describes the effective behavior of our model once the
perforation becomes finer, while the type of resolvent convergence characterizes in which sense
the perturbed model is close to the effective one.
Our first main result describes the homogenized problems depending on the geometry,
sizes, and distribution of the holes as well as of the conditions on the boundary of the holes.
The differential expression for the homogenized operator is the same as for the original oper-
ator, but with Dirichlet condition or delta-interaction or no condition on the reference curve
along which the perforation is made. Our second main result is the the norm resolvent con-
vergence of the perturbed operator to the homogenized one and the estimates for the rates
of convergence. In all cases except one the operator norm is that of the operators from L2
into W 12 , while in the exceptional case it is from L2 into L2. Nevertheless, in the latter case
we show that by employing a special boundary corrector one can replace the norm by that of
the operators acting from L2 into W
1
2 . Such kind of results on norm resolvent convergence
are completely new for the domains perforated periodically along curves or manifolds, espe-
cially in view of the fact that we succeeded to study the general non-periodic perforation with
arbitrary boundary conditions.
Our technique is based on the variational formulations of the equations for the perturbed
and the homogenized operators. We use no smoothing operator like, for instance, in the above
cited papers on the operators with fast oscillating coefficients. Instead of this, we write the
integral identity for the difference of the perturbed and homogenized resolvents and estimate
then the terms coming from the boundary conditions. It requires certain accurate estimates
for various boundary integrals over holes and over the reference curve. The main difference
of our technique with that in the previous works is the assumptions for the perforation. In
previous works [2], [23], [24], [29], [30], [40]–[42], the main assumption was the existence
of an operator of continuation the holes for the functions defined outside as well as uniform
estimates for this operator. In our work, we assume the solvability of a certain fixed boundary
value problems for the divergence operator in a neighborhood of the holes. We believe that
our assumptions are not worse than the existence of the continuation operator since we require
just a solvability of certain boundary value problem while the existence of the continuation
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operator means the possibility to extend each function in a given Sobolev space.
Concluding the introduction, we describe briefly the structure of the paper. In the next
section we give the precise description of the problem, formulate the main results, and discuss
them. In the third section we collect auxiliary lemmata required for the proof of the main
results. The forth, fifth, and sixth sections are devoted to the study of the norm resolvent
convergence in various cases. In the seventh section we prove the convergence of the spectrum.
In the last eighth section we discuss the sharpness of our estimates for the rate of convergence.
2 Problem and main results
Let x = (x1, x2) be the Cartesian coordinates in R
2, Ω := {x : 0 < x2 < d} be a horizontal
strip of width d > 0. By γ we denote a curve in Ω separated from ∂Ω by a fixed distance.
Curve γ is supposed to be C3-smooth and to have no self-intersections. We consider two cases
assuming that γ is either an infinite curve or it is a finite closed curve. By s we denote the
arc length of γ, s ∈ [−s∗, s∗], where s∗ is either finite or s∗ = +∞. If curve γ is finite, we
identify points s = −s∗ and s = s∗. By ̺ = ̺(s) we denote the vector function describing the
curve γ. Since curve γ is C3-smooth, then ̺ ∈ C3[−s∗, s∗]; for an infinite curve by [−s∗, s∗]
we mean R. The above assumptions for γ yield that this curve partitions domain Ω into two
disjoint subdomains. The upper or exterior one is denoted by Ω+ and the lower or interior
subdomain is Ω−. By Br(a) we denote the ball in R
2 of radius r centered at a.
LetMε ⊆ Z be some set, and sεk ∈ [−s∗, s∗], k ∈M
ε, be a set of points satisfying sεk < s
ε
k+1.
By ωk, k ∈Mε, we indicate a set of bounded domains in R2 having C2-boundaries. We stress
that these domains are not supposed to be simply connected. Denoting by ε a small positive
parameter, we define
θε := θε0 ∪ θ
ε
1, θ
ε
i :=
⋃
k∈Mi
ωεk, i = 0, 1, ω
ε
k := {x : ε
−1η−1(ε)(x − yεk) ∈ ωk}, y
ε
k := ̺(s
ε
k),
whereMε0∩M
ε
1 = ∅,M
ε
0∪M
ε
1 =M
ε, and η = η(ε) is a some function satisfying the inequality
0 < η(ε) 6 1. We make the following assumptions.
(A1). There exist fixed numbers 0 < R1 < R2, b > 1, L > 0 and points x
k ∈ ωk, k ∈Mε, such
that
BR1(x
k) ⊂ ωk ⊂ BR2(0), |∂ωk| 6 L for each k ∈M
ε,
BbR2ε(y
ε
k) ∩BbR2ε(y
ε
i ) = ∅ for each i, k ∈M
ε, i 6= k,
and for all sufficiently small ε.
(A2). For b and R2 in (A1) and k ∈Mε there exists a generalized solutionXk : Bb∗R2(0)\ωk 7→
R
2, b∗ := (b+ 1)/2, to the boundary value problem
divXk = 0 in Bb∗R2(0) \ ωk,
Xk · ν = −1 on ∂ωk, Xk · ν = ϕk on ∂Bb∗R2(0),
(2.1)
belonging to L∞(Bb∗R2(0) \ ωk) and bounded in the sense of this space uniformly in
k ∈ Mε. Here ν is the outward normal to ∂Bb∗R2(0) and to ∂ωk, while ϕk is a some
function in L∞(∂Bb∗R2(0)) satisfying∫
∂Bb∗R2(0)
ϕk ds = |∂ωk|. (2.2)
By Aij = Aij(x), Ai = Ai(x), A0 = A0(x) we denote functions satisfying the conditions
Aij , Ai ∈ W
1
∞(Ω), i, j = 1, 2, A0 ∈ L∞(Ω), Aji = Aji,
2∑
i,j=1
Aijzizj > c2|ξ|
2, x ∈ Ω, z = (z1, z2) ∈ R
2,
(2.3)
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(a) Perforation along an infinite curve (b) Perforation along a closed curve
Figure 1: Perforated domain
where c2 is a positive constant independent of x and ξ, and Aij , A0 are real-valued.
In the vicinity of γ we introduce local coordinates (s, τ), where τ is the distance to a point
measured along the normal ν0 to γ which is inward for Ω−, and s, we remind, is the arc length
of γ. Since the curvature of γ is uniformly bounded, the coordinates (s, τ) are well-defined
for |τ | 6 τ0, s ∈ R, where τ0 is a sufficiently small fixed positive number.
We denote by Ωε := Ω \ θε our perforated domain, cf. Figure 1. In this paper we study
a singularly perturbed operator depending on ε which we denote as Hε. It is introduced by
the differential expression
−
2∑
i,j=1
∂
∂xi
Aij
∂
∂xj
+
2∑
j=1
Aj
∂
∂xj
−
∂
∂xj
Aj +A0 (2.4)
in Ωε subject to the Dirichlet condition on ∂Ω ∪ ∂θε0 and to the Robin condition(
∂
∂Nε
+ a
)
u = 0 on ∂θε1,
∂
∂Nε
:=
2∑
i,j=1
Aijν
ε
i
∂
∂xj
+
2∑
j=1
Ajν
ε
j ,
where νε = (νε1 , ν
ε
2) is the inward normal to ∂θ
ε
1, a = a(x) is a function defined for |τ | < τ0
and a ∈ W 1∞({x : |τ | < τ0}).
By aε we denote the sesquilinear form
aε(u, v) :=
2∑
i,j=1
(
Aij
∂u
∂xj
,
∂v
∂xi
)
L2(Ωε)
+
2∑
j=1
(
Aj
∂u
∂xj
, v
)
L2(Ωε)
+
2∑
j=1
(
u,Aj
∂v
∂xj
)
L2(Ωε)
+ (A0u, v)L2(Ωε)
(2.5)
in L2(Ω
ε) on the domain W 12 (Ω
ε). Rigorously we introduce operator Hε as the lower-
semibounded self-adjoint operator in L2(Ω
ε) associated with the closed lower-semibounded
symmetric sesquilinear form hε(u, v) := aε(u, v)+(au, v)L2(∂θε1) in L2(Ω
ε) on W˚ 12 (Ω
ε, ∂Ω∪∂θε0).
Hereinafter for any domainQ ⊂ R2 and any curve S ⊂ Q, by W˚ 12 (Q,S) we denote the subspace
of W 12 (Q) consisting of the functions with zero trace on S, and we let W˚
1
2 (Q) := W˚
1
2 (Q, ∂Q).
If else is not said, in what follows all the differential operators are introduced in this way,
i.e., they will be self-adjoint lower semibounded operators in L2(Ω) or L2(Ω
ε) associated with
closed lower-semibounded symmetric sesquilinear form. For the sake of brevity, for each op-
erator we shall just write the differential expression with the boundary condition as well as
the associated form.
Our main aim is to study the resolvent convergence and the spectrum’s behavior of the
operator Hε. To formulate our main results, we need additional notations.
By H0D we denote the operator in L2(Ω) with the differential expression (2.4) subject to
the Dirichlet condition on γ and ∂Ω. The associated form is h0D(u, v) := a(u, v) in L2(Ω) on
W˚ 12 (Ω, ∂Ω ∪ γ), where form a is introduced by expression (2.5), where Ω
ε is replaced by Ω.
By analogy with [7, Lem. 2.2], [45, Ch. IV, Sec. 2.2, 2.3], [14, Lem. 3.2] one can check that
the domains of operator H0D is given by the identity D(H
0
D) = W˚
1
2 (Ω, ∂Ω ∪ γ) ∩W
2
2 (Ω \ γ).
By i we denote the imaginary unit, and by ‖ ·‖X→Y we denote the norm of an operator acting
from a Banach space X to a Banach space Y .
Now we are ready to formulate our first main result.
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Theorem 2.1. Let
ε ln η(ε)→ 0, ε→ +0, (2.6)
and suppose (A1), (A2), and
(A3). There exists a constant R3 > bR2 such that
{x : |τ | < εbR2} ⊂
⋃
k∈Mε0
BR3ε(y
ε
k), ω
ε
k ⊂ BR3ε(y
ε
k) for each k ∈M
ε
0.
Then the estimate
‖(Hε − i)−1 − (H0D − i)
−1‖L2(Ω)→W 12 (Ωε) 6 Cε
1
2
(
| ln η(ε)|
1
2 + 1
)
(2.7)
holds true, where C is a positive constant independent of ε.
Let ν0 = (ν01 , ν
0
2 ) and
∂
∂N0
:=
2∑
i,j=1
Aijν
0
i
∂
∂xj
.
By [·]γ we indicate the jump of a function on γ, [u]γ = u
∣∣
τ=+0
− u
∣∣
τ=−0
. Given a function
β = β(s) in W 1∞(γ), we introduce operator H
0
β with differential expression (2.4) subject to
the boundary conditions
[u]γ = 0,
[
∂u
∂N0
]
γ
+ βu
∣∣
γ
= 0. (2.8)
The associated form is h0β(u, v) := a(u, v)+(βu, v)L2(γ) in L2(Ω) on W˚
1
2 (Ω). Again by analogy
with [7, Lem. 2.2], [45, Ch. IV, Sec. 2.2, 2.3], [14, Lem. 3.2] one can show that
D(H0β) = {u ∈ W˚
1
2 (Ω) : u ∈W
2
2 (Ω±) and (2.8) is satisfied}.
If β = 0, instead of H00 we shall simply write H
0. As one can see, in this case there is no
boundary condition on γ and the domain of H0 is D(H0) = W˚ 12 (Ω) ∩W
2
2 (Ω).
In the next theorem we deal with the case when the perturbed operator involves the
Dirichlet condition at least on a part of ∂θε but in contrast to (2.6), the function ε ln η(ε)
converges either to a non-zero constant or to infinity.
Theorem 2.2. Suppose (A1), (A2), let
1
ε ln η(ε)
→ −ρ, ε→ +0, (2.9)
and set Mε0 be non-empty. For b and R2 in (A1) and s ∈ R we denote
αε(s) :=

π
bR2
, |s− sεk| < bR2ε, k ∈M
ε
0,
0, otherwise.
Suppose also that
(A4). There exists a function α = α(s) in W 1∞(γ) and a function κ = κ(ε), κ(ε) → +0,
ε→ +0, such that for all sufficiently small ε the estimate
∑
q∈Z
1
|q|+ 1
∣∣∣∣∣∣
n+ℓ∫
n
(
αε(s)− α(s)
)
e−
iq
2πℓ (s−n) ds
∣∣∣∣∣∣
2
6 κ
2(ε) (2.10)
is valid, where n = −s∗, ℓ = 2s∗, if γ is a finite curve, and n ∈ Z, ℓ = 1, if γ is an
infinite curve. In the latter case estimate (2.10) is supposed to hold uniformly in n.
6
Denote
β := α
(ρ+ µ)
A11A22 −A212
, β0 := α
ρ
A11A22 − A212
, µ(ε) := −
1
ε ln η(ε)
− ρ.
Then the estimates
‖(Hε − i)−1 − (H0β − i)
−1‖L2(Ω)→L2(Ωε) 6 C
(
ε
1
2 + κ(ε)
)
(2.11)
‖(Hε − i)−1 − (H0β0 − i)
−1‖L2(Ω)→L2(Ωε) 6 C
(
ε
1
2 + κ(ε) + µ(ε)
)
(2.12)
hold true, where C is a positive constant independent of ε. There exists an explicit function
W ε defined in (6.5) such that the estimate
‖(Hε − i)−1 − (1−W ε)(H0β − i)
−1‖L2(Ω)→W 12 (Ωε) 6 C
(
ε
1
2 + κ(ε)(ρ + µ(ε))
)
(2.13)
is valid, where C is a positive constant independent of ε. If ρ = 0, the estimate
‖(Hε − i)−1 − (H0 − i)−1‖L2(Ω)→W 12 (Ωε) 6 C
(
ε
1
2 + µ
1
2 (ε)
)
(2.14)
holds true, where C is a positive constant independent of ε.
The next two theorems concern the case when Mε0 is empty, i.e., the perturbed operator
involves just the Robin condition on ∂θε.
Theorem 2.3. Suppose (A1), (A2), let set Mε0 be empty and either a ≡ 0 or η(ε) → 0,
ε→ +0. Then the estimate
‖(Hε − i)−1 − (H0 − i)−1‖L2(Ω)→W 12 (Ωε) 6 Cη(ε)| ln η(ε)|
1
2 , (2.15)
holds true, if a 6≡ 0, η → +0, and
‖(Hε − i)−1f − (H0 − i)−1f‖L2(Ω)→W 12 (Ωε) 6 Cε
1
2 η(ε)(| ln η(ε)|
1
2 + 1), (2.16)
if a ≡ 0. Here C is a positive constant independent of ε.
Theorem 2.4. Suppose (A1), (A2), let η = const, set Mε0 be empty. For b and R2 in (A1)
we denote
αε(s) :=

|∂ωk|η
2bR2
, |s− sεk| < bR2ε, k ∈M
ε,
0, otherwise.
Suppose also that
(A5). There exists a function α = α(s) in W 1∞(γ) and a function κ = κ(ε), κ(ε) → +0,
ε→ +0, such that for all sufficiently small ε the estimates (2.10) are valid.
Then the estimate
‖(Hε − i)−1 − (H0αa − i)
−1‖L2(Ω)→W 12 (Ωε) 6 C
(
ε
1
2 + κ(ε)
)
(2.17)
holds true, where C is a positive constant independent of ε.
Let us discuss the main results. Assumption (A1) says that the sizes of holes are of the
same order and there is a minimal distance between them. This is a very natural assumption
for the perforation. At the same time, no periodicity for the perforation is assumed. Moreover,
since set Mε is arbitrary, we do not need to assume that it is infinite, and for instance, the
number of holes can be finite. In the latter case, by choosing an appropriate set Mε, we can
even get the situation when the distances between the holes are not small, but finite. In this
situation one can still apply Theorems 2.2–2.4. Theorem 2.1 is valid only in the case when
the holes with Dirichlet condition are distributed quite densely in order to satisfy Assumption
(A3).
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Assumption (A2) is a restriction for the geometry of boundaries ∂ωk. We first stress that
problem (2.1) can be rewritten to the Neumann problem for the Laplace equation by letting
Xk = ∇Vk. Then identity (2.2) is the solvability condition and this is the only restriction
for ϕk we suppose. Problem (2.1) is solvable for each fixed k and it is solution belongs to
L∞(Bb∗R2(0)\ωk). And we assume that the norm ‖Xk‖L∞(Bb∗R2 (0)\ωk) is bounded uniformly
in k.
According to Theorem 2.1, if the sizes of the holes are not too small (cf. (2.6)) and the
holes with the Dirichlet condition are, roughly speaking, distributed “uniformly” (Assumption
(A3)), the homogenized operator is subject to the Dirichlet condition on γ and we have the
norm resolvent condition in the sense of the operator norm ‖ · ‖L2(Ω)→L2(Ωε). As one can
see, relation (2.6) admits the situation when the sizes of the holes are much smaller than
the distances between them (for instance, η(ε) = εα, α = const > 0), but nevertheless the
homogenized operator is still subject to the Dirichlet condition on γ. This phenomenon is
close to a similar one for the operators with frequent alternation of boundary conditions, cf.
[11], [12], [22].
If the function ε ln η(ε) goes to a constant or to infinity as ε → +0 and there are holes
with the Dirichlet condition, the homogenized operator has boundary condition (2.8) on γ, see
Theorem 2.2. This boundary condition describes a delta-interaction on γ, see, for instance,
[1, App. K, Sec. K.4.1], and the similar situation holds for the problems with frequent
alternation of boundary conditions with the Dirichlet conditions on exponentially small parts
of the boundary, cf. [22], [9], [10], [11]. The norm resolvent convergence holds in the sense of
the operator norm ‖ · ‖L2(Ω)→L2(Ωε) only. To improve the norm, one has either to employ the
boundary corrector, see (2.13), or to assume additionally ρ = 0, see (2.14). We observe that
according to Assumption (A4), coefficient β in boundary condition (2.8) for the homogenized
operator depends only on the distribution of the points sεk and there is no dependence on the
geometries of the holes. There are also no special restrictions for part ∂θε0 with the Dirichlet
condition. For instance, the number of holes in ∂θε0 can be finite or infinite and the distribution
of this set can be very arbitrary.
If the perturbed operator has no Dirichlet condition on ∂θε, the homogenized operator has
either condition (2.8) on γ (Theorem 2.4) or even no condition (Theorem 2.3). In both cases
we again have the norm resolvent convergence in the operator norm ‖ · ‖L2(Ω)→W 12 (Ωε). In
Theorem 2.3 we need no additional restrictions thanks to the assumption η(ε)→ +0 or a ≡ 0.
In Theorem 2.4 η is constant and because of this we introduce Assumption (A5). Its means
that the lengths of ∂ωk should be distributed rather smoothly to satisfy (2.10). We stress
that the coefficient β in (2.8) for the homogenized operator depends both on the distribution
of the holes and the sizes of their boundaries.
Let us also discuss assumptions (A4) and (A5). This is in fact the same assumption but
adapted for two different cases. The sum in the left hand side of (2.10) is nothing but the
norm in W
− 12
2 (0, ℓ). This estimate obviously holds true for a periodic perforation. As an
example of a non-periodic perforation, we can mention the situation when we start with a
strictly periodic perforation along an infinite curve but then we change the geometry and
locations of a part of holes so that the total number of deformed holes associated with each
segment s ∈ (q, q + 1), q ∈ Z, is relatively small in comparison with unchanged holes. Then
inequality (2.10) is still true. Moreover, our conjecture is that Assumptions (A4) and (A5)
can not be improved or omitted once we want to have a norm resolvent convergence. Namely,
in the proofs of Theorems 2.3, 2.4 these assumptions are employed only in Lemma 5.1 and all
the inequalities in the proof of this lemma are sharp. There is also another way of simplifying
(2.10) which is estimating W
− 12
2 (0, ℓ)-norm by L2(0, ℓ)-norm. Then (2.10) can be replaced by
‖αε − α‖2L2(n,n+ℓ) 6 C‖α
ε − α‖L1(n,n+ℓ) 6 κ
2(ε),
where we have employed the boundedness of αε, see Lemma 5.1. However, this condition
happens to be too restrictive and is satisfied just by few examples.
Last but not the least issue related to the above theorems is the sharpness of the estimates
for the rate of convergences. Many of these estimates are order sharp, i.e., the smallness order
can not be improved. At the same time, the study of the sharpness is an independent problem
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that requires a completely different approach in comparison with the technique we employ in
the proofs of Theorems 2.1–2.4. This is why we formulate no statement on the sharpness in
the theorems and we discuss this issue independently in Section 8.
Our final main result describes the convergence of the spectrum of Hε.
Theorem 2.5. Under the hypotheses of Theorems 2.1–2.4 the spectrum of perturbed operator
Hε converges to that of the corresponding homogenized operator. Namely, if λ is not in the
spectrum of the homogenized operator, for sufficiently small ε the same is true for the perturbed
operator. And if λ is in the spectrum of the homogenized operator, for each ε there exists λε
in the spectrum of the perturbed operator such that λε → λ as ε→ +0.
We note that this theorem is not implied immediately by Theorems 2.1–2.4. Despite these
theorems state convergence of the perturbed resolvent to a homogenized one in the norm
sense, the norm is ε-dependent. Nevertheless, this makes no serious troubles and in the proof
of Theorem 2.5 we demonstrate a simple trick to overcome this difficulty.
Throughout the rest of the paper we shall indicate by C, C1, C2, C3, . . . various inessential
positive constants independent of ε, η(ε), s, τ , x, and various functions f , u, v, . . . from
Sobolev spaces we shall deal with. In all the estimates such constants are independent on
the functions written explicitly. In the case of local estimates in a vicinity of each ωεk such
constants are also supposed to be independent of k. If these constants depend on some
auxiliary parameters, it will be indicated explicitly. We shall also make use of auxiliary
notations: Bkr := BrR2εη(y
ε
k), B̂
k
r := BrR2εη(y
ε
k) \ ω
ε
k.
3 Preliminaries
In this section we collect several auxiliary lemmata which will be employed in the proof of our
main results in the subsequent sections. These lemmata provide some estimates for various
norms in Sobolev spaces as well as some local estimates in the vicinity of holes ωkε .
In all the lemmata we assume (A1), (A2).
Lemma 3.1. For any δ > 0 there exists a constant C(δ) > 0 such that the estimates
‖u‖2L2(γ) 6 δ‖∇u‖
2
L2(Ω)
+ C(δ)‖u‖2L2(Ω),
‖v‖2L2({x:τ=−(b+1)R2ε}) 6 δ‖∇v‖
2
L2(Ωε)
+ C(δ)‖v‖2L2(Ωε), (3.1)
are valid for each u ∈ W 12 (Ω), v ∈W
1
2 (Ω
ε).
The statement of this lemma follows from [39, Ch. II, Sec. 2, Ineq. (2.38)].
For c 6 τ0 we denote Π
c := {x : |τ | < c}.
Next four lemmata provide local estimates in the vicinity of the holes.
Lemma 3.2. For any δ > 0 there exists a constant C(δ) > 0 such that for each v ∈ W 12 (Ω
ε)
the uniform estimates∑
k∈Mε
‖v‖2
L2(B̂kb∗ )
6 C
(
εη
∑
k∈Mε
‖v‖2L2(∂Bkb∗ )
+ ε2η2
∑
k∈Mε
‖∇v‖2
L2(B̂kb∗ )
)
, (3.2)
∑
k∈Mε
‖v‖2
L2(B̂kb∗ )
6 εη2(| ln η|+ 1)
(
δ‖∇v‖2L2(Ωε) + C(δ)‖v‖
2
L2(Ωε)
)
, (3.3)
‖v‖2L2(∂θε) 6 η(| ln η|+ 1)
(
δ‖∇v‖2L2(Ωε) + C(δ)‖v‖
2
L2(Ωε)
)
(3.4)
hold true for sufficiently small ε.
Proof. Assume first that v ∈ C1(Ωε). Thanks to Assumption (A2), in the integral identity
for Xεk(x) := Xk(z
kε−1η−1), ζk = (ζk1 , ζ
k
2 ) := x− y
ε
k, we can take |v|
2 as the test-function,
‖v‖2L2(∂ωεk) − (ϕ
ε
kv, v)L2(∂Bkb∗ )
= −
∫
B̂k
b∗
Xεk · ∇|v|
2 dx, ϕεk := ϕk(ζ
kε−1η−1).
(3.5)
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By Assumptions (A1), (A2) we thus obtain
‖v‖2L2(∂ωεk)
6 C
(
‖v‖2L2(∂Bkb∗ )
+ ‖v‖L2(B̂kb∗ )
‖∇v‖L2(B̂kb∗ )
)
. (3.6)
Since C1(Ωε) is dense in W 12 (Ω
ε), the latter estimate is valid for each v ∈W 12 (Ω
ε).
Let ν1 be the first coordinate of normal vector ν to ∂ω
ε
k. We integrate by parts:∫
B̂k
b∗
|v|2 dx =
∫
B̂k
b∗
|v|2
∂ζk1
∂x1
dx =
∫
∂Bk
b∗
|v|2
(ζk1 )
2
|ζk|
ds−
∫
∂ωε
k
|v|2ζk1 ν1 ds−
∫
B̂k
b∗
ζk1
∂|v|2
∂x1
dx.
As in (3.5), (3.6), we first make the integration for v ∈ C1(Ωε) and then we extend the
resulting idenity for each v ∈W 12 (Ω
ε). It implies
‖v‖2
L2(B̂kb∗ )
6 Cεη
(
‖v‖2L2(∂Bkb∗ )
+ ‖v‖2L2(∂ωεk)
+ ‖v‖L2(B̂kb∗ )
‖∇v‖L2(B̂kb∗ )
)
.
This estimate, (3.6), and Cauchy-Schwarz inequality yield
‖v‖2
L2(B̂kb∗ )
6 Cεη
(
‖v‖2L2(∂Bkb∗ )
+ εη‖∇v‖2
L2(B̂kb∗ )
)
, (3.7)
‖v‖2L2(∂ωεk) 6 C
(
‖v‖2L2(∂Bkb∗ )
+ εη‖∇v‖2
L2(B̂kb∗ )
)
. (3.8)
Summing up inequality (3.7) w.r.t. k, we arrive at (3.2).
Let us estimate ‖v‖L2(∂Bk∗ ). In order to do it, we follow the ideas employed in the proof of
Lemma 3.2 in [47]. We introduce an infinitely differentiable cut-off function χ1 = χ1(t) being
one as t < 1 and vanishing as t > 2. We have
v(x) = v(x)χ1
(
|ζk|R−12 ε
−1 − 1
b− 1
)
as x ∈ Bkb \B
k
1 .
Let (r, ϕ) be polar coordinates centered at yεk. By Assumption (A1), the ball B(2b−1)R2ε(y
ε
k)
does not intersect with ωεi , i 6= k. Hence, for R2εη 6 r 6 bR2εη Cauchy-Schwarz inequality
implies
|v(r, ϕ)|2 =
∣∣∣∣∣∣∣
(2b−1)R2ε∫
r
∂
∂t
(
v(t, ϕ)χ1
(
tR−12 ε
−1 − 1
b− 1
))
dt
∣∣∣∣∣∣∣
2
6
(2b−1)R2ε∫
r
dt
t
(2b−1)R2ε∫
r
∣∣∣∣ ∂∂t
(
v(t, ϕ)χ1
(
tR−12 ε
−1 − 1
b− 1
))∣∣∣∣2 t dt
6 C(| ln η|+ 1)
(2b−1)R2ε∫
R2εη
(∣∣∣∣∂v∂t (t, ϕ)
∣∣∣∣2 + ε−2|v(t, ϕ)|2
)
t dt.
We integrate this estimate over ∂Bkb∗ and get
‖v‖2L2(∂Bkb∗ )
6 Cεη(| ln η|+1)
(
‖∇v‖2L2(B(2b−1)R2ε(y
ε
k
)\Bk1 )
+ε−2‖v‖2L2(B(2b−1)R2ε(y
ε
k
)\Bk1 )
)
. (3.9)
To estimate the last term in the right hand side of the obtained inequality, we observe that
for sufficiently small δ and |τ | < τ0/4,
|v(τ, s)|2 =
τ∫
±
δτ0
2
∂
∂t
(
|v(τ, s)|2χ1
(
4|t|
δτ0
))
dt, ±τ > 0,
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and by Cauchy-Schwarz inequality
|v(τ, s)|2 6
δ2τ20
2
τ∫
±
δτ0
2
∣∣∣∣∂v∂τ (t, s)
∣∣∣∣2 dt+ C(δ)
τ∫
±
δτ0
2
|v(t, s)|2 dt, ±τ > 0. (3.10)
Integrating this estimate over Π2bR2ε \
⋃
k∈Mε
Bk1 , we have 3.21
‖v‖2L2(Π2bR2ε\
⋃
k∈Mε
Bk1 )
6 ε
(
δ‖∇v‖2L2(Ωε) + C(δ)‖v‖
2
L2(Ωε)
)
. (3.11)
Now we substitute (3.9) into (3.7), sum up the result over k ∈Mε, and apply then (3.11). It
leads us to (3.3). Inequality (3.4) follows from (3.8), (3.9), (3.11).
Lemma 3.3. For each u, v ∈W 12 (Ω
ε) the uniform estimate∑
k∈Mε
∣∣∣∣ |∂ωk|π(b + 1)R2 (au, v)L2(∂Bkb∗ ) − (au, v)L2(∂ωεk)
∣∣∣∣ 6 Cε 12 η(| ln η| 12 + 1)‖u‖W 12 (Ωε)‖v‖W 12 (Ωε)
holds true for sufficiently small ε.
Proof. In the same way how (3.5), (3.6) were proven, one can check easily one more estimate∑
k∈Mε
∣∣∣∣(au, v)L2(∂ωεk) − (aϕεku, v)L2(∂Bkb∗ )
∣∣∣∣ 6 Cε 12 η(| ln η| 12 + 1)‖u‖W 12 (Ωε)‖v‖W 12 (Ωε). (3.12)
Denote
〈v〉k :=
4
π(3b2 − 2b− 1)ε2η2
∫
Bk
b
\Bk
b∗
v dx, v⊥ := v − 〈v〉k.
It is clear that
∫
Bk
b
\Bk
b∗
v⊥ dx = 0. Then we rescale the variables x 7→ ζkε−1η−1 and employ
the Poincare´ inequality
‖ψ‖L2(∂Bb∗R2(0)) 6 C‖∇ψ‖L2(BbR2 (0)\Bb∗R2(0)),
which is valid for each ψ ∈ W 12 (BbR2(0) \ Bb∗R2(0)) satisfying
∫
BbR2 (0)\Bb∗R2(0))
ψ dx = 0. It
leads us to the estimate
‖v⊥‖L2(∂Bkb∗ )
6 Cε
1
2 η
1
2 ‖∇v‖L2(Bkb \Bkb∗ )
,
and the same is valid for (au)⊥ := au− 〈au〉k. Hence, we have
(aϕεku, v)L2(∂Bkb∗ )
= 〈au〉k〈v〉k
∫
∂Bk
b∗
ϕεk ds+
(
ϕεk(au)
⊥, v
)
L2(∂Bkb∗ )
+ (ϕεk, v
⊥)L2(∂Bkb∗ )
〈au〉k.
Since by (A2) ∫
∂Bk
b∗
ϕεk ds = εη
∫
∂Bb∗R2 (0)
ϕk ds = εη|∂ωk|,
it follows from (3.3), (3.4) with ωk = Bb∗R2(0), (3.11) that∑
k∈Mε
∣∣∣(aϕεku, v)∂Bk
b∗
− εη|∂ωk|〈au〉k〈v〉k
∣∣∣ 6 Cε 12 η(| ln η| 12 + 1)‖u‖W 12 (Ωε)‖v‖W 12 (Ωε).
Completely in the same way one can show that∑
k∈Mε
∣∣∣∣ |∂ωk|π(b+ 1)R2 (au, v)∂Bkb∗ − εη|∂ωk|〈au〉k〈v〉k
∣∣∣∣ 6 Cε 12 η(| ln η| 12 + 1)‖u‖W 12 (Ωε)‖v‖W 12 (Ωε).
Two last inequalities and (3.12) prove the lemma.
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Lemmata 3.1, 3.2 imply
Lemma 3.4. Given arbitrary β ∈ W 1∞(γ), for each u ∈ W
1
2 (Ω), v ∈W
1
2 (Ω
ε) the estimates
‖u‖2W 12 (Ω)
6 C
(
a(u, u) + (βu, u)L2(γ) + ‖u‖
2
L2(Ω)
)
,
‖v‖2W 12 (Ωε)
6 C
(
aε(v, v) + (av, v)L2(∂θ0ε) + ‖v‖
2
L2(Ωε)
)
hold true.
We let γ˜ := {x : τ = −(b + 1)R2ε, s ∈ R} and by (A1) we see that B
k
b ∩ γ˜ = ∅ for each
k ∈Mε and sufficiently small ε.
Lemma 3.5. Let u ∈ W 22
(
Ω \ (γ ∪ γ˜)
)
∩W 12 (Ω). Then the uniform in ε, k, and u estimate(∑
k∈Z
‖u‖2
C(BR2ε(y
k
ε ))
) 1
2
6 Cε−
1
2 ‖u‖W 22 (Ω\(γ∪γ˜))
holds true.
Proof. We first observe that by standard embedding theorems [45, Ch. III, Sect. 6, Thm. 3]
function u is continuous in Ω− and {x : −(b+ 1)R2ε 6 τ 6 0} and therefore it is continuous
in each of balls BR2ε(y
ε
k).
We denote T±k (ε) := {x : 0 < ±τ < bR2ε, |s − s
ε
k| < bR
ε
2}. We introduce new variables
τ˜ := τε−1, s˜ := (s − sεk)ε
−1. Then domain T±k (ε) is mapped onto T
± := {(τ˜ , s˜) : 0 < ±τ˜ <
bR2, |s˜| < bR2}. Given function u ∈ W 22 (Ω \ (γ ∪ γ˜)), in the vicinity of curve γ we rewrite
it in terms of variables (τ˜ , s˜): v(τ˜ , s˜) = u(x), and we see that v ∈ W 22 (T
±). By standard
embedding theorems we have the estimate ‖v‖2
C(T±)
6 C‖v‖2
W 12 (T
±)
. Then we rewrite this
inequality in variables x. At that, thanks to the assumptions for curve γ, all the coefficients
and Jacobians appearing while rewriting derivatives and integrals are bounded uniformly in
ε, k, and x. The final estimate is as follows:
‖u‖2
C(T±
k
(ε))
6 C
(
‖∇u‖2
W 12 (T
±
k
(ε))
+ ε−2‖u‖2
L2(T
±
k
(ε))
)
.
Hence, ∑
k∈Z
‖u‖2
C(T±
k
(ε))
6 C
∑
k∈Z
(
‖∇u‖2
W 12 (T
±
k
(ε))
+ ε−2‖u‖2
L2(T
±
k
(ε))
)
. (3.13)
We integrate inequality (3.10) with δ = 1 over
⋃
k∈Z
T±k (ε) and obtain:∑
k∈Z
‖u‖2
L2(T
±
k
(ε))
6 Cε‖u‖2W 12 (Ω)
.
This estimate and (3.13) yield∑
k∈Z
‖u‖2
C(T±
k
(ε))
6 Cε−1‖u‖2W 22 (Ω\(γ∪g˜))
.
Now the obvious inclusion BR2ε(y
ε
k) ⊂ T
+
k (ε) ∪ T
−
k (ε) completes the proof.
The next lemma provides apriori estimates for the original and homogenized resolvent.
Lemma 3.6. The estimates
‖(Hε − i)−1f‖W 12 (Ωε) 6 C‖f‖L2(Ωε), ‖(H
0
D − i)
−1f‖W 22 (Ω±) 6 C‖f‖L2(Ω±),
‖(H0 − i)−1f‖W 22 (Ω) 6 C‖f‖L2(Ω), (3.14)
‖(H0β − i)
−1f‖W 22 (Ω\γ) 6 C(‖β‖W 1∞(γ) + 1)‖f‖L2(Ω) (3.15)
hold true, where β ∈ W 1∞(γ).
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Proof. The first estimate is implied by Lemma 3.4 and the integral identity for (Hε − i)−1f .
And the three other estimates can be proven completely in the same way as Lemma 8.1 in
[39, Ch. III, Sec. 8].
Given β ∈ W 1∞(γ), by H˜
0
β we denote the operator with the differential expression (2.4)
subject to the boundary conditions
[u]γ˜ = 0,
[
∂u
∂N˜0
]
γ˜
+ βu
∣∣
γ˜
= 0, (3.16)
∂
∂N˜0
:=
2∑
i,j=1
Aijν
0
i
∂
∂xj
, [u]γ˜ := u
∣∣
τ=−(b+1)R2ε+0
− u
∣∣
τ=−(b+1)R2ε−0
.
Here the function β is defined on γ˜ in the sense that β = β(s) at the point x = ̺(s) −
(b + 1)R2εν
0(s) ∈ γ˜. We observe that the normal to γ˜ coincides with ν0 and this is why
exactly this vector appears in boundary conditions (3.16). The associated form is h˜0β(u, v) :=
a(u, v) + (βu, v)L2(γ˜) in L2(Ω) on W˚
1
2 (Ω).
As γ, curve γ˜ partitions Ω into two disjoint subdomains Ω˜±, where Ω˜+ is the upper/exterior
one. By analogy with [7, Lem. 2.2], [45, Ch. IV, Sec. 2.2, 2.3], [14, Lem. 3.2] one can check
that D(H˜0β) = {u ∈ W˚
1
2 (Ω) : u ∈W
2
2 (Ω˜±) and (3.16) is satisfied}.
Our last lemma in this section is devoted to estimating the resolvent of operator H˜0β .
Lemma 3.7. Let β ∈ W 1∞({x : |τ | < τ0/2}). Then for any f ∈ L2(Ω) and all sufficiently
small ε the estimates
‖(H˜0β − i)
−1f‖W 22 (Ω\γ˜) 6 C
(
‖β‖W 1∞(γ) + 1
)
‖f‖L2(Ω), (3.17)
‖(H˜0β − i)
−1f − (H0β − i)
−1f‖W 22 (Ω\(γ∪γ˜)) 6 Cε
1
2 ‖β‖W 1∞(γ)‖f‖L2(Ω) (3.18)
hold true.
Proof. The first estimate can be proven by reproducing the arguments in the proof of Lemma 8.1
in [39, Ch. III, Sec. 8] and keeping track of the dependence on β. Although now the operator
depends on ε, the only dependence is in the definition of the curve γ˜ and its equation depends
on ε smoothly. Exactly this fact implies that estimate (3.17) is uniform in ε.
We write the integral identities for u0 := (H0β − i)
−1f and u˜0 := (H˜0β − i)
−1f choosing
û0 := u
0 − u˜0 as the test function. Then we deduct one identity from the other. It yields
h0β(û0, û0)− i‖û0‖
2
L2(Ω)
= (βu˜0, û0)L2(γ˜) − (βu˜0, û0)L2(γ). (3.19)
Since γ has a bounded curvature, we have dν
0
ds
= K̺′, where K is an uniformly bounded on
γ function. Then we can rewrite the right hand side of (3.19) as
(βu˜0,û0)L2(γ˜) − (βu˜0, û0)L2(γ)
=
∫
R
(βu˜0û0)
∣∣
τ=−(b+1)R2ε
(1 − (b+ 1)R2εK(s)) ds−
∫
R
(βu˜0û0)
∣∣
τ=0
ds
= −(b+ 1)R2ε
∫
R
(βu˜0û0)
∣∣
τ=−(b+1)R2ε
ds−
∫
R
0∫
−(b+1)R2ε
∂
∂τ
βu˜0û0 dτ ds.
(3.20)
We then employ (3.10) with v = u˜0, v = ∂u˜
0
∂τ , v = û
0, v = ∂û
0
∂τ to obtain∣∣(βu˜0, û0)L2(γ˜) − (βu˜0, û0)L2(γ)∣∣ 6 Cε 12 ‖β‖W 1∞(γ)‖u˜0‖W 12 (Ω)‖û0‖W 12 (Ω).
Two last relations, (3.19), and Lemma 3.4 yield
‖û0‖W 12 (Ω) 6 Cε
1
2 ‖β‖W 1∞(γ)‖f‖L2(Ω).
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It remains to estimate L2(Ω)-norm of second derivatives of û
0. We again reproduce the
arguments in the proof of Lemma 8.1 in [39, Ch. III, Sec. 8]. It leads us to the estimate
‖û0‖W 22 (Ω\(γ∪γ˜)) 6C(‖β‖W 1∞({x:|τ |<τ0/2}) + 1)‖û
0‖W 12 (Ω)
+
∣∣∣∣ ∫
γ
∂û0
∂s
(
P1
∂u0
∂s
+ P2u
0
)
ds−
∫
γ˜
∂û0
∂s
(
P1
∂u0
∂s
+ P2u
0
)
ds
∣∣∣∣
where Pi ∈W
1
∞(x : |τ | < τ0/2) are certain functions obeying the inequality
‖P1‖W 1∞(x:|τ |<τ0/2) + ‖P2‖W 1∞(x:|τ |<τ0/2) 6 C‖β‖W 1∞({x:|τ |<τ0/2}),
and C are constants independent of f , β, and ε. Proceeding as in (3.20), we get the desired
estimates for ‖û0‖W 22 (Ω\(γ∪γ˜)).
4 Homogenized Dirichlet condition
In this section we prove Theorem 2.1. Given arbitrary f ∈ L2(Ω), we denote uε := (Hε−i)−1f ,
u0 := (H0D − i)
−1f . Estimate (2.7) is equivalent to
‖uε − u0‖W 12 (Ωε) 6 Cε
1
2
(
| ln η|
1
2 + 1
)
‖f‖L2(Ω), (4.1)
and in what follows we shall prove exactly this inequality.
Our main idea is to employ the integral identities for uε and u0 and to get then a similar
identity for uε − u0. However, function uε − u0 does not satisfy Dirichlet condition on ∂θε0
and we can not use it as the test function in the integral identity for uε. To overcome this
difficulty, we make use of a boundary corrector. Namely, let χε1(x) := χ1
(
|τ |
R3ε
)
as |τ | < τ0
and χε1(x) := 0 outside the set {x : |τ | < τ0}, χ1 is the cut-off function introduced in the
proof of Lemma 3.2. We also let vε := uε − u0 + χε1u
0 = (1− χε1)u
0. Function vε vanishes on
∂θε0 and we use it at as the test function in the integral identity for u
ε. And our strategy is
to estimate independently W 12 (Ω
ε)-norm of vε and χε1u
0. This will lead us estimate (4.1).
Since vε ∈ W˚2(Ωε, ∂Ω ∪ ∂θε0) and (1− χ
ε
1)v
ε ∈ W˚2(Ω, ∂Ω ∪ γ), we can use these functions
as the test ones in the integral identities for operators Hε and H0D:
hε(uε, vε)− i(uε, vε)L2(Ωε) = (f, v
ε)L2(Ωε),
h0D
(
u0, (1− χε1)v
ε
)
− i
(
u0, (1− χε1)v
ε
)
L2(Ω)
=
(
f, (1− χε1)v
ε
)
L2(Ω)
.
(4.2)
Function 1− χε1 vanishes in each ω
ε
k and hence(
u0, (1− χε1)v
ε
)
L2(Ω)
=
(
u0, (1− χε1)v
ε
)
L2(Ωε)
,(
f, (1− χε1)v
ε
)
L2(Ω)
=
(
f, (1 − χε1)v
ε
)
L2(Ωε)
,
(
a(1− χε1)u
0, vε
)
L2(∂θε0)
= 0,
(4.3)
and by the definition of h0D,
h0D
(
u0, (1− χε1)v
ε
)
= h0D
(
(1− χε1)u
0, vε
)
+ Sε, (4.4)
Sε := −
2∑
i,j=1
(
Aij
∂u0
∂xj
∂χε1
∂xi
, vε
)
L2(Ωε)
+
2∑
i,j=1
(
Aiju
0 ∂χ
ε
1
∂xj
,
∂vε
∂xi
)
L2(Ωε)
+
2∑
j=1
(
Aju
0∂χ
ε
1
∂xj
, vε
)
L2(Ωε)
−
2∑
j=1
(
u0
∂χε1
∂xj
, Ajv
ε
)
L2(Ωε)
.
We deduct the formulae in (4.2) one from the other and employ (4.3), (4.4),
hε(vε, vε)− i‖vε‖2L2(Ωε) = (χ
ε
1f, v
ε)L2(Ωε) + S
ε. (4.5)
Our next step is to estimate the right hand side of the obtained identity. In order to do
it, we need two auxiliary lemmata.
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Lemma 4.1. For each u ∈ D(H0D) and |τ | < τ0/3 the estimates
|u(s, τ)|2 6 Cτ2‖u(s, ·)‖2
W 22 (−
τ0
2 ,
τ0
2 )
, |∇s,τu(s, τ)|
2
6 C‖∇s,τu(s, ·)‖
2
W 12 (−
τ0
2 ,
τ0
2 )
hold true.
Proof. The desired estimates follow from the obvious relations
|u(s, τ)|2 =
∣∣∣∣
τ∫
0
∂u
∂τ
(s, t) dt
∣∣∣∣2 6 |τ |
τ0
2∫
−
τ0
2
∣∣∣∣∂u∂τ (s, t)
∣∣∣∣2 dt
and (3.10) with v = ∂u∂τ .
Lemma 4.2. The estimate
‖vε‖L2(ΠR3ε\θε) 6 Cε
(
| ln η(ε)|
1
2 + 1
)
‖∇vε‖L2(Ωε)
holds true.
Proof. We extend the function vε by zero inside θε0. Since v
ε vanishes on ∂θ0ε , the extension
belongs to W 12 (Ω \ θ
ε
1) and has the same L2- and W
1
2 -norm.
By assumption (A1), the ball BR1εη
(
xk+yεk
)
lies inside ωεk for each k ∈M
ε
0. We introduce
polar coordinates (r, θ) centered at xk + yεk and associated with variables (s, τ). Since v
ε = 0
inside BR1εη
(
xk + yεk
)
, k ∈Mε0, we have
vε(x) =
r∫
R1εη
∂vε
∂r
dr, |vε(x)|2 6 ln
r
R4εη
r∫
R5εη
∣∣∣∣∂vε∂r
∣∣∣∣2 r dr (4.6)
for some R4 > 0.
It follows from Assumption (A3) that the domain ΠR3ε \
⋃
k∈Mε1
Bkb∗ can be covered by the
union of star-shaped domains so that each of these domains contains exactly one of the balls
BR1εη(xk+y
ε
k) and is contained in the ball BR˜3ε(y
ε
k), where R˜3 is a fixed constant. Integrating
then (4.6) over these star-shaped domains, we arrive at the estimates
‖vε‖L2(ΠR3ε\
⋃
k∈Mε
1
Bk
b∗
) 6 Cε
2(| ln η|+ 1)‖∇v‖2L2(ΠR3ε\
⋃
k∈Mε1
Bk1 )
, (4.7)
∑
k∈Mε1
‖vε‖2L2(∂Bkb∗ )
6 Cεη‖v‖2W 12 (ΠR3ε\
⋃
k∈Mε
1
Bk
b
).
The latter estimate and Lemma 3.2 yield∑
k∈Mε1
‖v‖2
L2(B̂kb∗ )
6 Cε2η2‖v‖W 12 (ΠR3ε\θε).
Combining this estimate and (4.7), we complete the proof.
Let us estimate the right hand side of (4.5). By Lemma 4.2 we get∣∣(χε1f, vε)L2(Ωε)∣∣ =∣∣(f, χε1vε)L2(ΠR3ε\θε)∣∣ 6 C‖f‖L2(Ω)‖vε‖L2(ΠR3ε\θε)
6Cε
(
| ln η|
1
2 + 1
)
‖f‖L2(Ω)‖∇v
ε‖L2(Ωε).
In the same way, employing Lemmata 3.4, 3.6, 4.1, 4.2, we obtain the estimate for the first
term in Sε:∣∣∣∣∣∣
2∑
i,j=1
(
Aij
∂u0
∂xj
∂χε1
∂xi
, vε
)
L2(Ωε)
∣∣∣∣∣∣ 6 Cε−1‖∇u0‖L2(ΠR3ε)‖vε‖L2(ΠR3ε\θε)
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6 Cε
1
2
(
| ln η|
1
2 + 1
)
‖u0‖W 22 (Ω)‖∇v
ε‖L2(Ωε) 6 Cε
1
2
(
| ln η|
1
2 + 1
)
‖f‖L2(Ω)‖v
ε‖W 12 (Ωε).
The other terms in Sε are estimated in the same way,∣∣∣∣∣∣
2∑
i,j=1
(
Aiju
0 ∂χ
ε
1
∂xj
,
∂vε
∂xi
)
L2(Ωε)
∣∣∣∣∣∣ 6 Cε−1‖u0‖L2(ΠR3ε)‖vε‖W 12 (Ωε) 6 Cε 12 ‖f‖L2(Ω)‖vε‖W 12 (Ωε),∣∣∣∣∣∣
2∑
j=1
(
Aju
0 ∂χ
ε
1
∂xj
, vε
)
L2(Ωε)
−
2∑
j=1
(
u0, Ajv
ε ∂χ
ε
1
∂xj
)
L2(Ωε)
∣∣∣∣∣∣
6 Cε−1‖u0‖L2(Ω)‖v
ε‖L2(ΠR3ε\θε) 6 Cε
3
2
(
| ln η|
1
2 + 1
)
‖f‖L2(Ω)‖v
ε‖W 12 (Ωε).
Last four inequalities imply the estimate for the right hand side of (4.5):∣∣∣(χε1f, vε)L2(Ωε) + Sε∣∣∣ 6 Cε 12 (| ln η| 12 + 1)‖f‖L2(Ω)‖vε‖W 12 (Ωε).
Now we apply Lemma 3.4 and arrive at the inequality
‖vε‖W 12 (Ωε) 6 Cε
1
2
(
| ln η(ε)|
1
2 + 1
)
‖f‖L2(Ω). (4.8)
It remains to estimate the norm ‖χε1u
0‖W 12 (Ωε) to complete the proof. Employing Lem-
mata 3.6, 4.1, one can check easily that
‖χε1u
0‖L2(Ωε) 6 Cε
3
2 ‖f‖L2(Ω),
‖∇χε1u
0‖L2(Ωε) 6 C
(
‖χε1∇u
0‖L2(Ωε) + ε
−1‖u0‖L2(Ωε)
)
6 Cε
1
2 ‖f‖L2(Ω).
These inequalities and (4.8) imply (4.1) that completes the proof.
5 Robin condition
In this section we prove Theorems 2.3, 2.4. We begin with Theorem 2.3.
5.1 Proof of Theorem 2.3
Let f ∈ L2(Ω), uε := (Hε − i)−1f , u0 := (H0 − i)−1f , vε := uε − u0. The desired estimates
for the resolvents are equivalent to
‖uε − u0‖W 12 (Ωε) 6 Cη(ε)
(
| ln η|
1
2 + 1
)
‖f‖L2(Ω), a 6≡ 0, η → +0, (5.1)
‖uε − u0‖W 12 (Ωε) 6 Cε
1
2 η(| ln η|
1
2 + 1)‖f‖L2(Ω), a ≡ 0. (5.2)
In what follows we prove the above estimates.
By the assumption Mε0 = ∅ we have θ
ε
0 = ∅, θ
ε
1 = θ
ε. Since u0 ∈ W 22 (Ω), by the standard
embedding theorems the function
(
∂
∂Nε + a
)
u0 belongs to L2(∂θ
ε). Then function vε is the
generalized solution to the boundary value problem− 2∑
i,j=1
∂
∂xi
Aij
∂
∂xj
+
2∑
j=1
Aj
∂
∂xj
−
∂
∂xj
Aj +A0 − i
 vε = 0 in Ωε,
vε = 0 on ∂Ω,
(
∂
∂Nε
+ a
)
vε = −
(
∂
∂Nε
+ a
)
u0 on ∂θε.
Taking vε as the test function, we write the associated integral identity
hε(vε, vε)− i‖vε‖2L2(Ωε) = −
((
∂
∂Nε
+ a
)
u0, vε
)
L2(∂θε)
. (5.3)
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The main idea of our proof is to estimate the right hand side of this identity and to get then
the desired estimate for vε.
Assume η is arbitrary, not necessary small. It is clear that∣∣∣∣∣
((
∂
∂Nε
+ a
)
u0, vε
)
L2(∂θε)
∣∣∣∣∣ 6
∣∣∣∣∣
(
∂u0
∂Nε
, vε
)
L2(∂θε)
∣∣∣∣∣+ C∗‖u0‖L2(∂θε)‖vε‖L2(∂θε). (5.4)
If a ≡ 0, constant C∗ vanishes.
Let us estimate the term
(
∂u0
∂Nε , v
ε
)
L2(∂θε)
. We first integrate by parts:
∫
B̂k1
vε
 2∑
i,j=1
∂
∂xi
Aij
∂
∂xj
+
2∑
j=1
∂
∂xj
Aj
u0 dx = ( ∂u0
∂Nε
, vε
)
L2(θε)
−
(
∂u0
∂Nε∗
, vε
)
L2(∂Bk1 )
−
2∑
i,j=1
(
Aij
∂u0
∂xj
,
∂vε
∂xi
)
L2(B̂k1 )
+
2∑
j=1
(
u0, Aj
∂vε
∂xj
)
L2(B̂k1 )
,
where ∂∂Nε∗
is introduced in the same way as ∂∂Nε , but instead of ∂ω
ε
k we take ∂B
k
1 . Hence,
(
∂u0
∂Nε
, vε
)
L2(θε)
=
∫
B̂k1
vε
 2∑
i,j=1
∂
∂xi
Aij
∂
∂xj
+
2∑
j=1
∂
∂xj
Aj
 u0 dx
+
(
∂u0
∂Nε∗
, vε
)
L2(∂Bk1 )
+
2∑
i,j=1
(
Aij
∂u0
∂xj
,
∂vε
∂xi
)
L2(B̂k1 )
−
2∑
j=1
(
u0, Aj
∂vε
∂xj
)
L2(B̂k1 )
.
(5.5)
We consider the boundary value problem
∆Uεk,i = 0 in B
k
b∗ \B
k
1 ,
∂Uεk,i
∂r
=
ζki
r
on ∂Bk1 ,
∂Uεk,i
∂r
= 0 on ∂Bkb∗ ,
where, we remind, ζk = (ζk1 , ζ
k
2 ) := x− y
ε
k, r = |ζ
k|. It has the explicit solution
Uεk,i(x) :=
4
(b+ 1)2 − 4
(
ζki +
(b+ 1)2R22
4
ε2η2
ζki
r2
)
,
satisfying the uniform pointwise estimate
|∇Uεk,i| 6 C in B
k
b∗ \B
k
1 . (5.6)
Then integrating by parts in the identity
0 =
∫
Bk
b∗
\Bk1
 2∑
i,j=1
Aij
∂u0
∂xj
vε∆Uεk,i +
2∑
j=1
Aju
0vε∆Uεk,j
 dx,
we get(
∂u0
∂Nε∗
, vε
)
L2(∂Bk1 )
= −
∫
Bk
b∗
\Bk1
 2∑
i,j=1
∇Uεk,i · ∇Aij
∂u0
∂xj
vε +
2∑
j=1
∇Uεk,j · ∇Aju
0vε
 dx.
By (5.5), (5.6), (3.14), and (3.3) with v = vε, v = u0, v = ∂u
0
∂xi
it follows that∣∣∣∣∣
(
∂u0
∂Nε
, vε
)
L2(∂θε)
∣∣∣∣∣ 6C ∑
k∈Mε
(
‖u0‖W 12 (B̂kb∗ )
‖∇vε‖L2(B̂kb∗ )
+ ‖u0‖W 22 (B̂kb∗ )
‖vε‖L2(B̂kb∗ )
)
6Cε
1
2 η(| ln η|
1
2 + 1)‖f‖L2(Ωε)‖v
ε‖W 12 (Ωε).
(5.7)
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If a ≡ 0, we substitute the obtained identity into (5.4) and since C∗ = 0, by identity (5.3)
and estimate (3.14) we arrive at (5.1). It proves the theorem for the case a ≡ 0.
If a 6≡ 0, inequality (3.4) for vε, estimate (3.14) and Lemma 3.5 for u0 imply the estimate
for the last term in the right hand side of (5.4),
‖u0‖L2(∂θε)‖v
ε‖L2(∂θε) 6Cη(| ln η|
1
2 + 1)‖u0‖W 22 (Ωε)‖v
ε‖W 12 (Ωε)
6Cη(| ln η|
1
2 + 1)‖f‖L2(Ω)‖v
ε‖W 12 (Ωε).
In the same way how (5.1) was obtained, the last estimate and (5.7) follow (5.2) that proves
the theorem for the case a 6≡ 0.
5.2 Proof of Theorem 2.4
Given f ∈ L2(Ω), we let uε := (Hε − i)−1f , u0 := (H0αa − i)
−1f . We need to prove the
estimate
‖uε − u0‖W 12 (Ωε) 6 C(ε
1
2 + κ)‖f‖L2(Ω). (5.8)
At the same time, curve γ can cross the holes while the functions in the domain of homogenized
operator H0αa have a jump of the normal derivative at this curve. It causes troubles in getting
integral identity for uε − u0 and in further estimating. This is why we consider curve γ˜ and
operator H˜0α0a introduced in Section 2, see (3.16). Curve γ˜ does not intersect the holes and this
fact allows us to get an estimate similar to (5.8) for vε := uε− u˜0, where u˜0 := (H˜0αa − i)
−1f .
After that we estimate the function u0 − u˜0 by Lemma 3.7 and it gives (5.8).
Function vε is a generalized solution to the boundary value problem− 2∑
i,j=1
∂
∂xi
Aij
∂
∂xj
+
2∑
j=1
Aj
∂
∂xj
−
∂
∂xj
Aj +A0 − i
 vε = 0 in Ωε, vε = 0 on ∂Ω,
(
∂
∂Nε
+ a
)
vε = −
(
∂
∂Nε
+ a
)
u˜0 on ∂θε, [vε]γ˜ = 0,
[
∂vε
∂N˜0
]
γ˜
+ αau˜0
∣∣
γ˜
= 0.
We write the associated integral identity with vε as the test function,
hε(vε, vε)− i‖vε‖2L2(Ωε) = −
(
∂u˜0
∂Nε
, vε
)
L2(∂θε)
− (au˜0, vε)L2(∂θε) + (αau˜
0, vε)L2(γ˜). (5.9)
Let us estimate the right hand side of this identity.
Proceeding as in (5.5), (5.6), (5.7) and employing (3.17) instead of (3.15), we obtain∣∣∣∣∣
(
∂u˜0
∂Nε
, vε
)
L2(θε)
∣∣∣∣∣ 6 Cε 12 η(| ln η| 12 + 1)‖f‖L2(Ω)‖vε‖W 12 (Ωε). (5.10)
Let ξ = (ξ1, ξ2) be Cartesian coordinates in R
2, Ξ := {ξ : |ξ1| < bR2, |ξ2| < (b+ 1)R2} ⊂
R
2. We consider the Neumann boundary value problem
∆Y = 0 in Ξ \Bb∗R2η(0),
∂Y
∂|ξ|
= 1 on ∂Bb∗R2η(0),
∂Y
∂ν
=
π(b + 1)η
2b
on {ξ : |ξ1| < bR2, ξ2 = −(b+ 1)R2},
∂Y
∂ν
= 0 on ∂Ξ \ {ξ : |ξ1| < bR2, ξ2 = (b + 1)R2},
where ν is the outward normal to ∂Ξ. This problem satisfies the solvability condition∫
∂Bb∗R2η(0)
∂Y
∂|ξ|
ds =
∫
{ξ:|ξ1|<bR2, ξ2=−(b+1)R2}
∂Y
∂ν
ds.
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There exists the unique generalized solution satisfying the identity∫
Ξ\Bb∗R2η(0)
Y dξ = 0.
This solution belongs to W 1∞(Ξ \Bb∗R2η(0)), see [39, Ch. III, Sect. 12].
In a vicinity of each point yεk we introduce rescaled variables ξ
k = (ξk1 , ξ
k
2 ) by the rule
x = ε
(
ξk1̺
′(sεk)−ξ
k
2ν
0(sεk)
)
+yεk. The axes ξ
k
2 = 0 and ξ
k
1 = 0 are directed along the tangential
and normal vectors ̺′(sεk) and ν
0(sεk) to the curve γ at the point s
ε
k, and the point ξ
k = 0 is
located at yεk. We define Ξ
ε
k := {x : ξ
k ∈ Ξ}, Y εk (x) := Y (ξ
k).
We make an integration by parts similar to (3.5):
0 = ε
∫
Ξε
k
\Bk
b∗
au˜0vε∆Y εk dx =
π(b + 1)η
2b
(au˜0, vε)L2(Υεk) − (au˜
0, vε)L2(∂Bkb∗ )
− ε
∫
Ξε
k
\Bk
b∗
∇au˜0vε · ∇Y εk dx,
where Υεk := {x : |ξ
k
1 | < bR2, ξ
k
2 = −(b + 1)R2}. Employing this identity, Lemma 3.3, (3.17)
and (3.3) with v = vε, v = u˜0, v = ∂u˜
0
∂xi
, as in (5.7) we obtain∣∣∣∣(au˜0, vε)L2(∂θε) − ∑
k∈Mε
|∂ωk|η
2bR2
(au˜0, vε)L2(Υεk)
∣∣∣∣ 6 Cε 12 ‖f‖L2(Ωε)‖vε‖W 12 (Ωε). (5.11)
For each |ξk1 | < bR2, by τ
ε
k (ξ
k
1 ) we denote the value of the variable τ corresponding to the
point x = εξk1̺
′(sεk)− (b + 1)R2εν
0(sεk). It is easy to check that
|τεj (ξ
j
1)− (b+ 1)R2εη| 6 Cε
2 (5.12)
uniformly in k ∈Mε, sufficiently small ε, and |ξk1 | < bR2. We also observe that the integration
over γ˜ can be expressed as the integration w.r.t. s ∈ R with the differential (1 − (b +
1)R2εK(s)) ds, where function K was introduced in the proof of Lemma 3.7. Integrating by
parts, we have
∑
k∈Mε
|∂ωk|η
2bR2
(au˜0, vε)L2(Υεj) =
∑
k∈Mε
|∂ωk|η
2bR2
sεk+bR2εη∫
sε
k
−bR2εη
(au˜0vε)
∣∣
τ=−(b+1)R2ε
ds
+
∑
k∈Mε
|∂ωk|η
2bR2
sεk+bR2ε∫
sε
k
−bR2ε
ds
τεk
(
s−sε
k
ε
)∫
−(b+1)R2ε
∂
∂τ
(au˜0vε) dτ.
Now we employ the definition of function αε, estimates (3.11) with v = v
ε and v = u˜0, (3.1),
(3.17), (5.11), (5.12) to obtain∣∣∣∣(au˜0, vε)L2(∂θε) − (αεau˜0, vε)L2(γ˜)∣∣∣∣ 6 Cε 12 ‖f‖L2(Ωε)‖vε‖W 12 (Ωε). (5.13)
Our final step is
Lemma 5.1. Function αε is bounded uniformly in ε in the norm of space L∞(γ). The
estimate ∣∣((αε − α)au˜0, vε)
L2(γ˜)
∣∣ 6 Cκ(ε)‖f‖L2(Ω)‖vε‖W 12 (Ωε)
holds true.
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Proof. The boundedness follows directly from the definition of function αε. We shall prove
the desired estimate only in the case of an infinite curve, since for a finite curve the proof is
completely the same.
Denote γ˜εk := {x : τ = −ε(b+1)R2, k < s < k+1}. Since u˜
0 ∈W 22 (Ω \ γ˜), v
ε ∈ W 12 (Ω
ε),
the traces of these functions on γ˜εk belong respectively to W
3
2
2 (γ˜
ε
k) and W
1
2
2 (γ˜
ε
k). We expand
then these traces into Fourier series
u˜0 =
∑
p∈Z
cu,kp e
2iπp(s−k),
(
1− ε(b+ 1)K
)
avε =
∑
p∈Z
cv,kp e
2iπp(s−k),
αε − α =
∑
p∈Z
cα,kp e
2iπp(s−k) on γ˜εk,
and we have the uniform estimates∑
p∈Z
|cu,kp |
2(|p|+ 1)3 6 C‖u˜0‖2
W
3
2
2 (γ˜
ε
k
)
6 C‖u˜0‖2W 22 (Πεk)
,
∑
p∈Z
|cv,kp |
2(|p|+ 1) 6 C‖
(
1− ε(b+ 1)K
)
avε‖2
W
1
2
2 (γ˜
ε
k
)
6 C‖vε‖2W 12 (Πεk)
,
where Πεk := {x : −τ0/2 < τ < −ε(b+1)R2, k < s < k+1}. We employ the above expansions
and estimates together with the Cauchy-Schwarz inequality as follows,
∣∣((αε − α)au˜0, vε)
L2(γ˜)
∣∣ 6 ∑
k∈Z
∣∣((αε − α)au˜0, vε)
L2(γ˜εk)
∣∣ = ∑
k∈Z
∣∣∣∣∣∣
∑
p,q∈Z
cu,kp c
v,k
q c
α
q−p
∣∣∣∣∣∣
6
∑
k∈Z
∑
p,q∈Z
|cu,kp |
2|cv,kq |
2(1 + |p|)3(1 + |q|)

1
2
 ∑
p,q∈Z
|cα,kq−p|
2
(1 + |p|)3(1 + |q|)

1
2
6 C‖u˜0‖W 22 (Ω\γ˜)‖v
ε‖W 12 (Ωε) sup
k∈Z
∑
p,q∈Z
|cα,kq |
2
(1 + |p|)3(1 + |p+ q|)

1
2
.
(5.14)
Let us estimate the supremum in the last inequality by Cκ. Indeed, for each k ∈ Z,
∑
p,q∈Z
|cα,kq |
2
(1 + |p|)3(1 + |p+ q|)
6 C
∑
q∈Z
|cα,kq |
2
∫
R
dt
(1 + |t|)3(1 + |t+ q|)
6 C
∑
q∈Z
|cα,kq |
2
|q|+ 1
.
Now it remains to employ (2.10) and (5.14) to complete the proof.
The proven lemma and (5.10), (5.13) yield that the right hand side of (5.9) is estimated
by C(ε
1
2 + κ)‖f‖L2(Ω)‖v
ε‖W 12 (Ωε). By Lemma 3.4 it leads us to the estimate
‖vε‖W 12 (Ωε) 6 C(ε
1
2 + κ)‖f‖L2(Ω).
This estimate, the definition of vε, and (3.18) imply (5.8) that completes the proof.
6 Homogenized delta-interaction for Dirichlet condition
This section is devoted to the proof of Theorem 2.2. Since here homogenized operator H0β
involves boundary condition (2.8), as in the proof of Theorem 2.4, we introduce operator H˜0β
with β defined in the statement of the theorem. Given f ∈ L2(Ω), we let uε := (Hε − i)−1f ,
u˜0 := (H˜0β − i)
−1f , vε := uε − u˜0.
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At the first step we estimate W 12 (Ω
ε)-norm of vε. Function vε solves the boundary value
problem− 2∑
i,j=1
∂
∂xi
Aij
∂
∂xj
+
2∑
j=1
Aj
∂
∂xj
−
∂
∂xj
Aj +A0 − i
 vε = 0 in Ωε \ γ˜,
vε = 0 on ∂Ω, vε = −u˜0 on ∂θε, [vε]γ˜ = 0,(
∂
∂Nε
+ a
)
vε = −
(
∂
∂Nε
+ a
)
u˜0 on ∂θε1,
[
∂vε
∂N˜0
]
γ˜
− βu˜0
∣∣
γ˜
= 0.
(6.1)
As we see, function vε does not satisfy homogeneous Dirichlet condition on ∂θε0. In order to
simplify certain technical estimates, we add a special boundary corrector to vε so that the
sum vanishes on ∂θε0. Then employing the above boundary value problem, we shall obtain
an integral identity for this sum and estimate its norm. We define the boundary corrector as
follows.
We let
A(x) =
(
A11(x) A12(x)
A12(x) A22(x)
)
, Aεk := A(y
ε
k),
and for each k ∈Mε0 by Q
ε
k we denote the matrix satisfying
(Qεk)
t(Qεk) = (A
ε
k)
−1, (Qεk)
tAεk(Q
ε
k) = E, (6.2)
where E is the unit matrix. Due to condition (2.3), matrix A is symmetric, lower-semibounded,
and bounded uniformly in x ∈ Ω, and this is why matrix Qεk is well-defined, symmetric, lower-
semibounded, and bounded uniformly in k and ε. Hence, we have the estimate
0 < C|z| 6 |Qεkz| 6 C
−1|z| (6.3)
that is uniform in k ∈Mε0, z ∈ R
2, and sufficiently small ε.
For each k ∈Mε0 we define the ellipses E
k
r := {x : |Q
ε
kζ
k| < εrR5}. Here R5 is an absolute
positive constant R5 that exists due to (6.3), (6.8) and for all sufficiently small ε and k ∈Mε0
ωεk ⊆ E
k
η ⊂ E
k
1 ⊆ BR2
2 ε
(yεk). (6.4)
We define the function
W ε(x) :=

1
ln η(ε)
ln
|Qεkζ
k|
R5ε
, x ∈ Ek1 \ E
k
η , k ∈M
ε
0,
1, x ∈ Ekη , k ∈M
ε
0,
0, otherwise,
(6.5)
where, we remind, ζk := x − yεk. It is clear that W
ε is infinitely differentiable in Ω except
the boundaries ∂Ek1 and ∂E
k
η , k ∈ M
ε
0, and is continuous in Ω. Function W
ε is bounded
uniformly in Ω and satisfies the estimate
0 6 W ε 6 1. (6.6)
An important property of W ε is that the function v˜ε := vε + u˜0W ε vanishes on ∂θε0.
We multiply the equation in (6.1) by v˜ε and integrate once by parts taking into considera-
tion the boundary conditions for vε. Then we replace vε by v˜ε − u˜0W ε. It yields the integral
identity for v˜ε:
aε(v˜ε, v˜ε) + (av˜ε, v˜ε)L2(∂θε1) + (βv˜
ε, v˜ε)L2(γ˜) − i‖v˜
ε‖2L2(Ωε) = (βu˜
0, v˜ε)L2(γ˜)
−
((
∂
∂Nε
+ a
)
u˜0, v˜ε
)
L2(∂θε1)
+ aε(u˜0W ε, v˜ε)− i(u˜0, v˜εW ε)L2(Ωε).
(6.7)
Let us estimate the right hand side of this identity.
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By (2.9), µ(ε)→ +0 as ε→ +0 and
η(ε) = e−
1
ε(ρ+µ(ε)) . (6.8)
Then it follows from (5.10), (3.4), (3.3), (6.6), and (3.17) that∣∣∣∣∣
((
∂
∂Nε
+ a
)
u˜0, v˜ε
)
L2(∂θε1)
∣∣∣∣∣ + ∣∣(u˜0W ε, v˜ε)L2(Ωε)∣∣
6 C
(
η
1
2 (| ln η|
1
2 + 1) + ε
)
‖f‖L2(Ω)‖v
ε‖W 12 (Ωε) 6 Cε‖f‖L2(Ω)‖v
ε‖W 12 (Ωε).
(6.9)
The definition of form aε yields that
aε(u˜0W ε, v˜ε) = Sε1 + S
ε
2 + S
ε
3 , (6.10)
Sε1 :=
∑
k∈Mε0
(Aεku˜
0∇W ε,∇v˜ε)L2(Ek1 \Ekη ), S
ε
2 :=
∑
k∈Mε0
2∑
j=1
(
Aj u˜
0 ∂W
ε
∂xj
, v˜ε
)
L2(Ek1 \E
k
η )
,
Sε3 :=
∑
k∈Mε0
(
(A−Aεk)u˜
0∇W ε,∇v˜ε
)
L2(Ek1 \E
k
η )
+
∑
k∈Mε0
(
AW ε∇u˜0,∇v˜ε
)
L2(Ek1 \E
k
η )
+
∑
k∈Mε0
2∑
j=1
(
AjW
ε ∂u˜
0
∂xj
, v˜ε
)
L2(Ek1 \E
k
η )
+
∑
k∈Mε0
2∑
j=1
(
W εu˜0, Aj
∂v˜ε
∂xj
)
L2(Ek1 \E
k
η )
+ (A0W
εu˜0, v˜ε)L2(Ek1 \Ekη ).
As it follows from the definition of W ε, in Ek1 \ E
k
η this function satisfies the inequalities
|∇W ε| 6
C
|ζk|| ln η|
, |(A−Aεk)∇W
ε| 6
C
| ln η|
. (6.11)
We employ these inequalities and (3.3) with η = 1, (3.17), (6.6) to estimate Sε3 :
|Sε3 | 6 Cε
1
2 ‖f‖L2(Ω)‖v
ε‖W 12 (Ωε). (6.12)
Lemma 3.5 and inequalities (3.3) with η = 1, (3.17), and (6.11) allow us to estimate Sε2 :
|Sε2 | 6
∑
k∈Mε0
‖vε‖2L2(Ek1 \Ekη )

1
2
∑
k∈Mε0
‖u˜0‖2
C(BR2ε(y
ε
k
))
‖∇W ε‖2L2(Ek1 \Ekη )

1
2
6Cε
1
2 ‖vε‖W 12 (Ωε)‖f‖L2(Ω).
(6.13)
Employing the definition of W ε, we integrate by parts as follows:
Sε1 = S
ε
4 + S
ε
5 + S
ε
6 , (6.14)
Sε4 :=
1
ln η
∑
k∈Mε0
(
u˜0
|(Aεk)
−1ζk|
, v˜ε
)
L2(∂Ek1 )
, Sε5 := −
1
ln η
∑
k∈Mε0
(
u˜0
|(Aεk)
−1ζk|
, v˜ε
)
L2(∂Ekη )
,
Sε6 := −
∑
k∈Mε0
(Aεk∇u˜
0, v˜ε∇W ε)L2(Ek1 \Ekη ) = −
∑
k∈Mε0
(
∇u˜0,
ζkv˜ε
|(Aεk)
−1ζk|
)
L2(∂Ekη )
+
∑
k∈Mε0
(
(Aεk∇u˜
0,W ε∇v˜ε)L2(Ek1 \Ekη ) + (div A
ε
k∇u˜
0, v˜εW ε)L2(Ek1 \Ekη )
)
We make one more integration by part similar to (3.5):
0 =
∑
k∈Mε0
1
ln η
∫
Bb∗R2ε(y
ε
k
)\Ek1
u˜0v˜εdiv Aεk∇ ln |Q
ε
kζ
k| dx = −Sε4 + S
ε
7 − S
ε
8 ,
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Sε7 : =
1
ln η
∑
k∈Mε0
(u˜0, φεkv˜
ε)L2(∂Bb∗R2ε(yεk)), φ
ε
k := ν · A
ε
k∇ ln |Q
ε
kζ
k|,
Sε8 : =
1
ln η
∑
k∈Mε0
(∇u˜0, v˜εAεk∇ ln |Q
ε
kζ
k|)L2(Bb∗R2ε(yεk))\Ek1 )
+
1
ln η
∑
k∈Mε0
(u˜0Aεk∇ ln |Q
ε
kζ
k|,∇v˜ε)L2(Bb∗R2ε(yεk)\Ek1 ),
where ν is the outward normal to ∂Bb∗R2ε(y
ε
k). Thus,
Sε1 = S
ε
7 − S
ε
8 + S
ε
5 + S
ε
6 . (6.15)
It follows from (3.3) with η = 1, (6.6), (3.17) and the estimate
|∇ ln |Qεkζ
k|| 6 Cε−1 in Bb∗R2ε(y
ε
k) \ E
k
1
that
|Sε6 |+ |S
ε
8 | 6 Cε
1
2 ‖f‖L2(Ω)‖v˜
ε‖W 12 (Ωε). (6.16)
To estimate Sε5 , we first observe that since v˜
ε vanishes on ∂ωεk, k ∈M
ε
0, we can extend it
by zero inside ωεk keeping its L2- and W
1
2 -norms. By Assumption (A1) we have that for some
R6 < 1 the inclusion ER6η ⊂ ω
ε
k holds true and thus v˜
ε = 0 on ∂ER6η ⊂ ω
ε
k. We then pass to
the variables ζk 7→ Qεkζ
kε−1η−1 and employ the estimate
‖v‖L2(∂BR5(0)) 6 C‖∇v‖L2(BR5 (0)\BR6R5(0))
valid for each v ∈ W˚ 12
(
BR5(0) \BR5R6(0), ∂BR5(0)
)
. Finally it yields
‖v˜ε‖L2(∂Ekη ) 6 Cε
1
2 η
1
2 ‖∇v˜ε‖L2(Ekη\ωεk), k ∈M
ε
0. (6.17)
Since |(Qεk)
2ζk| > Cεη on ∂Ekη , C > 0, by (6.17), (3.17), and Lemma 3.5 we can estimate S
ε
5 :
|Sε5 | 6 Cε
1
2 (ρ+ µ)‖f‖L2(Ω)‖v˜
ε‖W 12 (Ωε). (6.18)
Due to (6.9), (6.10), (6.12), (6.13), (6.14), (6.16), (6.18) it remains to estimate the sum
(βu˜0, v˜ε)L2(γ˜) + S
ε
7 in order to have the final inequality for the right hand side in (6.7).
By straightforward calculations one can make sure that∫
∂Bb∗R2ε(y
ε
k
)
φεk ds =
2π
detAεk
.
Proceeding then as in the proof of Lemma 3.3, in Sε7 we can replace φ
ε
k by its mean value over
∂Bkb∗ :∣∣∣Sε7 − 1ε ln η ∑
k∈Mε0
2
(b + 1)R2 detAεk
(u˜0, v˜ε)L2(∂Bb∗R2ε(yεk))
∣∣∣ 6 Cε 12 ‖f‖L2(Ω)‖v˜ε‖W 12 (Ωε).
Arguing as in the proof of (5.13) and applying then Lemma 5.1, one can make sure that∣∣∣ 1
ε ln η
∑
k∈Mε0
2
(b + 1)R2 detAεk
(u˜0, v˜ε)L2(∂Bb∗R2ε(yεk)) − (βu˜
0, v˜ε)L2(γ˜)
∣∣∣
6 C(ρ+ µ)κ‖f‖L2(Ω)‖v˜
ε‖W 12 (Ωε).
Two latter estimates, (6.9), (6.10), (6.12), (6.13), (6.14), (6.15), (6.16), (6.18), and Lemma 3.4
yield
‖v˜ε‖W 12 (Ωε) 6 C
(
ε
1
2 + κ(ρ + µ)
)
‖f‖L2(Ω). (6.19)
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It follows from Lemma 3.5 and (3.18) that∑
k∈Mε0
‖u0 − u˜0‖2
C(BR2ε(y
ε
k
))

1
2
6 C‖f‖L2(Ω).
Hence, due to the definition of W ε and (3.17),( ∑
k∈Mε0
‖(u0 − u˜0)∇W ε‖2L2(Ek1 )
) 1
2
6
∑
k∈Mε0
‖u0 − u˜0‖2
C(BR2ε(y
ε
k
)
‖∇W ε‖2L2(Ek1 )

1
2
6 Cε
1
2 ‖f‖L2(Ω).
(6.20)
Employing (3.3), (3.15), and (6.6), we obtain∑
k∈Mε0
(
‖W ε∇(u0 − u˜0)‖2L2(Ek1 )
+ ‖W ε(u0 − u˜0)‖2L2(Ek1 )
)
1
2
6 Cε
1
2 ‖f‖L2(Ω).
Together with (6.19), (6.20) it yields
‖uε − (1 −W ε)u0‖W 12 (Ωε) 6 C
(
ε
1
2 + (ρ+ µ)κ)‖f‖L2(Ω) (6.21)
that proves (2.13).
Since W εu0 vanishes outside ∂Ek1 , k ∈M
ε
0, by (6.6), (3.3), (3.15) we get
‖W εu0‖L2(Ω) 6
∑
k∈Mε0
‖u0‖2L2(Ek1 )

1
2
6 Cε
1
2 ‖f‖L2(Ω).
Together with (6.21) it implies
‖uε − u0‖L2(Ωε) 6 C
(
ε
1
2 + (ρ+ µ)κ
)
‖f‖L2(Ω), (6.22)
and therefore (2.11) holds true.
To prove (2.12), now it is sufficient to employ the obvious estimate
‖(H0β − i)
−1f − (H0β0 − i)
−1f‖W 12 (Ω) 6 Cµ‖f‖L2(Ω).
As ρ = 0, by inequalities (3.3), (3.14) and Lemma 3.5 we get
‖∇W εu0‖L2(Ω) 6 ‖W
ε∇u0‖L2(Ω) + ‖u
0∇W ε‖L2(Ω)
6 C
ε 12 ‖f‖L2(Ω) +
∑
k∈Mε0
‖u0∇W ε‖2L2(BR2ε(yεk))

1
2

6 C
ε 12 ‖f‖L2(Ω) +
∑
k∈Mε0
‖u0‖2
C(BR2ε(y
ε
k
))
‖∇W ε‖2L2(BR2ε(yεk))

1
2

6 C
ε 12 ‖f‖L2(Ω) + ε 12µ 12
∑
k∈Mε0
‖u0‖2
C(BR2ε(y
ε
k
))

1
2
 6 C(ε 12 + µ 12 )‖f‖L2(Ω).
The obtained estimate and (6.21) with ρ = 0 follow
‖uε − u0‖L2(Ωε) 6 C(ε
1
2 + µ
1
2 )‖f‖L2(Ω)
and it proves (2.14). The proof is complete.
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7 Spectrum
In this section we prove Theorem 2.5. In θε we introduce operatorHθ acting as −∆ subject to
the Dirichlet condition; the associated form is (∇u,∇v)L2(θε) on W˚
1
2 (θε). Employing minimax
principle and Assumption (A1), one can easily make sure that
inf σ(Hθ) > Cε−2η−2(ε), (7.1)
where σ(Hθ) denotes the spectrum of operator Hθ. Thus, we have the estimate
‖(Hθ − i)−1‖L2(θε)→L2(θε) 6 Cε
2η2(ε). (7.2)
Assuming the hypothesis of one of Theorems 2.1, 2.2, 2.3, 2.4, by H0∗ we denote the corre-
sponding homogenized operator. Estimates (3.3) and (3.11) imply
‖(H0∗ − i)
−1‖L2(Ω)→L2(θε) 6 Cε,
where C is a constant independent of ε. Since L2(Ω) = L2(Ω
ε)⊕ L2(θ
ε), the latter estimate
and (7.2) yield
‖(Hε ⊕Hθ − i)−1 − (H0∗ − i)
−1‖L2(Ω)→L2(Ω) → 0, ε→ +0.
By [49, Ch. VIII, Sec. 7, Ths. VIII.23, VIII.24] it follows the convergence of the spectrum
of Hε ⊕ Hθ to that of H0∗. And now it remains to employ (7.1) to complete the proof of
Theorem 2.5.
8 Sharpness of estimates
In this section we discuss the sharpness of the estimates established in Theorems 2.1–2.4. We
show that estimates (2.7), (2.13), (2.17) are order sharp, while other estimates are close to
being sharp.
In order to study the sharpness, we need to know how the difference of the perturbed and
homogenized resolvents behaves for at least one model fitting our assumptions. Of course,
there is no chance to find the perturbed resolvents explicitly. Instead of this, we choose
the perturbed operator so that it is possible to construct the asymptotic expansions for its
resolvent. Namely, suppose that for some f ∈ L2(Ω) we know the first term of the asymptotic
expansion for uε := (Hε − i)−1f :
uε(x) = u0(x) + u1(x, ε) + . . . , (8.1)
where u0 is the action of the corresponding homogenized resolvent on f , and u1 is a some
function. Assume also that the above expansion is true in W 12 (Ω
ε)-norm. Then
uε − u0 = u1(x, ε) + . . . ,
and in the left hand side we have in fact the difference of perturbed and homogenized re-
solvents. And if the norm ‖u1‖W 12 (Ωε) has the same smallness order as the corresponding
estimate in Theorems 2.1–2.4 states, then this estimate is order sharp.
In what follows we construct asymptotics (8.1) under the hypothesis of each of Theo-
rems 2.1–2.4. To construct the required asymptotics we choose a very simple model. Namely,
we assume that the width of strip Ω is d = π and curve γ is just the straight line {x : x2 =
π
2 }.
The perforation is periodic: sεk := 3εk, k ∈ Z, and y
ε
k := {x : x1 = 3ε k, x2 =
π
2 }. All the
holes are just the unit balls: ωk := B1(0), and thus ω
ε
k := Bεη(ε)(y
ε
k). Then Assumption (A1)
is obviously satisfied with R2 =
5
4 , b =
6
5 , L = 2π. Assumption (A2) is also true and we can
find functions Xk explicitly:
Xk(z) = ∇z ln |z| =
1
|z|2
z, z = (z1, z2), ϕk ≡
11
8
.
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As the operator, we choose the Laplacian, i.e., the differential expression in (2.4) is −∆.
For simplicity, we impose the same condition on the boundaries of all the holes. It is either
the Dirichlet condition (Mε0 =M
ε = Z, Mε1 = ∅), or the Robin condition
(
∂
∂ν + a
)
u = 0 with
constant a (Mε1 =M
ε = Z, Mε0 = ∅).
The constructing of asymptotics consists of formal constructing and estimating error terms.
The latter is very simple for our problem thanks to Lemma 3.4. Once we construct a formal
asymptotic solution to the equation (Hε − i)uε = f , it provides the asymptotics for the exact
solution. This is why in what follows we dwell only on the formal constructing of first terms
in the asymptotics. Our approach is based on the method of matching asymptotic expansions
[35] and the multiscale method [6]. Further terms needed for estimating the error terms can
be constructed in the same way.
In order to simplify our considerations, we shall also assume that
u0(x) := χ2(x1)U(x2), (8.2)
where χ2 is an infinitely differentiable cut-off function equalling one as |x1| < 1 and vanishing
as |x2| > 2. Function U vanishes as x2 = 0 and x2 = π. It is infinitely differentiable in each of
the segments [0, π2 ] and [
π
2 , π] and is continuous in [0, π]. In the vicinity of the point x2 =
π
2
function U is point-wise linear:
U(x2) = h
+
1
(
x2 −
π
2
)
+ h0,
π
2
6 x2 6
3π
4
, U(x2) = h
−
1
(
x2 −
π
2
)
+ h0,
π
4
6 x2 6
π
2
,
(8.3)
where h0, h
±
1 are some constants which will be specified below.
We define f as follows:
f(x) = (−∆− i)u0(x), (8.4)
and this identity is understood pointwise in Ω\γ. It is clear that function f belongs to L2(Ω).
It should also stressed that although we have supposed that curve γ is infinite, all our
arguments in what follows can be adapted easily for a finite curve γ.
8.1 Dirichlet condition
In this subsection we study the sharpness of the estimates in Theorems 2.1, 2.4. On the
boundaries of the holes we impose the Dirichlet condition.
We begin with constructing asymptotics under the hypothesis of Theorem 2.1. It is clear
that our simple model described above satisfies Assumption (A3) with R3 = 5/2. We also
suppose that identity (2.6) holds true. The homogenized operator has the Dirichlet condition
on γ and u0 should vanish on γ. This is why we let h0 = 0 in (8.3). For simplicity we also let
h±1 = ±1. Our aim is to construct formally the asymptotic expansion for u
ε := (Hε − i)−1f ,
where f is defined by (8.4). In what follows it is more convenient to regard uε as the generalized
solution to the boundary value problem
(−∆− i)uε = f in Ωε, uε = 0 on ∂Ωε. (8.5)
We construct the asymptotics for uε by the method of matching asymptotic expansions as a
combination of external and internal layers. The external one reads as
uεex(x) = u
0(x) + εu1(x) + . . . (8.6)
Hereinafter by “. . . ” we denote next terms in various asymptotics.
Function u0 does not vanish on ∂θε. To obtain the required boundary condition for uε on
∂θε, we introduce rescaled variables by the rule ξ = (ξ1, ξ2), ξ1 := x1ε
−1, ξ2 := (x2 −
π
2 )ε
−1.
In the vicinity of γ we construct an internal expansion:
uεin(x) = εv
1(ξ, x1) + . . . (8.7)
We substitute this ansa¨tz into boundary value problem (8.5) and equate the coefficients at
the like powers of ε. It leads to the boundary value problem for v1:
∆ξv
1 = 0 in R2 \ ∂θη, v
1 = 0 on ∂θη. (8.8)
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Here
θη :=
⋃
k∈Z
ωη,k, ωη,k := {ξ : |ξ − (3πk, 0)| < η}.
Problem (8.8) is written in terms of variables ξ; variable x1 is regarded as an additional
parameter not even explicitly involved in the formulation of the problem.
In accordance with the method of matching asymptotic expansions, the leading term in
the asymptotics for v1 as ξ2 → +∞ should coincide with similar term in the asymptotics for
u0 as x2 → 0. Since in our case
u0(x) =
∣∣∣x2 − π
2
∣∣∣χ2(x1), ∣∣∣x2 − π
2
∣∣∣ < π
4
, (8.9)
we conclude that v1 should behave at infinity as follows:
v1(ξ, x1) = χ2(x1)|ξ2|+ . . . , ξ2 → ±∞. (8.10)
Problem (8.8), (8.10) is a periodic one and this is why it is more convenient to study the
corresponding problem in the periodicity cell Πη :=
{
ξ ∈ R2 : |ξ2| <
3
2
}
\ θη. This problem
reads as
∆ξv
1 = 0 in Πη, v
1 = 0 on ∂θ0η, (8.11)
while on the lateral boundaries of Πη periodic boundary conditions are imposed. At infinity,
we still assume asymptotics (8.10).
To solve problem (8.11), we first introduce an auxiliary function
Z0(ξ) :=
3
π
Re ln 2 sin
π
3
(ξ1 + iξ2).
It is straightforward to check that this function is infinitely differentiable and harmonic in R2
except the points (3πk, 0), k ∈ Z. At these points it has the logarithmic singularity
Z0(ξ) =
3
π
ln |ξ − (3πk, 0)|+
3
π
ln
2π
3
+O(|ξ − (3πk, 0)|2), ξ → (3πk, 0). (8.12)
Function Z0 is 3-periodic in ξ1. At infinity, it behaves as
Z0(ξ) = ±ξ2 +O(e
− 2π3 |ξ2|), ξ2 → ±∞.
Lemma 8.1. Problem (8.11) has the unique periodic solution behaving at infinity as
ZDη (ξ) = ±ξ2 −
3
π
ln
2πη
3
+O(e−
2π
3 |ξ2|), ξ2 → ±∞. (8.13)
This solution is 3-periodic w.r.t. ξ1 and can be represented as
ZDη (ξ) = Z0(ξ) −
3
π
ln
2πη
3
+ Z˜Dη (ξ), (8.14)
where function Z˜Dη is 3-periodic w.r.t. ξ1, decays exponentially as ξ2 → ±∞, and satisfies the
uniform in η estimate
‖Z˜Dη ‖W 12 (Πη) 6 Cη. (8.15)
Proof. We construct function ZDη by formula (8.14). For Z˜ we obtain the boundary value
problem
∆ξZ˜
D
η = 0 in Πη, Z˜
D
η = ηgη(φ),
with periodic conditions on the lateral boundaries. Here (r, φ) are polar coordinates associated
with ξ, and function g can be expressed as the sum of the series
gη(φ) =
∞∑
m=2
ηm−1
(
acm cosmφ+ a
s
m sinmφ
)
,
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where acm, and a
s
m are some coefficients such that
∞∑
m=2
m4
(
|acm|
2 + |asm|
2
)
6 C.
Then function
Gη(ξ) := η
∞∑
m=2
η2m−1
rm
(
acm cosmφ+ a
s
m sinmφ
)
is well-defined and belongs to W 22 ({ξ : η < |ξ| < 1}). Its norm in W
2
2 ({ξ : η < |ξ| < 1}) is
bounded uniformly in η and its trace on ∂θ0η is exactly g.
We construct Z˜Dη as
Z˜Dη (ξ) = ηẐ
D
η (ξ) + ηχ1
( r
2
)
Gη(ξ).
We recall that χ1 is the cut-off function introduced in the proof of Lemma 3.2. For function
ẐDη we get the boundary value problem
∆ξẐ
D
η = −∆ξχ1
( r
2
)
Gη(ξ) in Πη, Ẑ
D
η = 0 on ∂θ
0
η,
with periodic conditions on the lateral boundaries. It is straightforward to check that
supp∆ξχ1
( r
2
)
Gη(ξ) ⊆ {ξ : 1/2 6 |ξ| 6 1},∫
Πη
∆ξχ1
( r
2
)
Gη(ξ) dξ =
∫
Πη
ξ2∆ξχ1
( r
2
)
Gη(ξ) dξ = 0.
Using these identities, by the technique employed in [15, Sect. 3], [16, Sect. 3], it is possible to
show that the above problem for ẐDη is uniquely solvable, its solution belongs to W
2
2 (Πη) and
it is bounded uniformly in η in the norm of this Sobolev space. Returning back to function
ZDη , we complete the proof.
By the proven lemma, problem (8.11), (8.10) is uniquely solvable and
v1(ξ, x1) = χ2(x1)Z
D
η (ξ). (8.16)
Due to (8.13), the asymptotic behavior of εv1 is
εv1(ξ, x1) = εχ2(x1)|ξ2| −
3ε
π
ln
2πη
3
+O(εe−
2π
3 |ξ2|), ξ2 → ±∞.
We rewrite this asymptotics in variables x and by the method of matching asymptotic expan-
sions we conclude that
u1(x) = −
3
π
χ2(x1) ln
2πη
3
+ . . . , x2 →
π
2
.
We also substitute (8.6) into (8.5) and equate the coefficients at ε. Together with the above
asymptotics for v1 it yields the boundary value problem for u1:
(−∆− i)u1 = 0 in Ω \ γ, u1 = 0 on ∂Ω, (8.17)
u1 = −
3
π
χ2(x1) ln
2πη
3
on γ.
This problem is uniquely solvable.
We “glue” the external and internal expansions and obtain the leading terms of the asymp-
totics for uε:
uε(x) =
(
u0(x) + εu1(x)
)(
1− χε2(x2)
)
+ εv1
(
x1
ε
,
x2 −
π
2
ε
, x1
)
χε2(x2) + . . . (8.18)
28
χε2(x2) := χ2
(∣∣∣x2 − π
2
∣∣∣ ε− 12)
Let us estimate from below W 12 (Ω
ε)-norm of uε − u0. We let
Ωε1 := Ω
ε ∩
{
x : |x1| < 3ε
[
1
3ε
−
1
2
]
+
3ε
2
,
∣∣∣x1 − π
2
∣∣∣ < ε 12}
In view of asymptotics (8.18), the definition of χ2 and (8.9), (8.16), for x ∈ Ωε1 we have:
uε(x) − u0(x) = εZDη
(
x1
ε
,
x2 −
π
2
ε
)
−
∣∣∣x2 − π
2
∣∣∣+ . . .
Thus,
‖uε − u0‖2W 12 (Ωε)
>C
∥∥∥∥ε ∂∂x2ZDη
(
x1
ε
,
x2 −
π
2
ε
)
− sgn
(
x2 −
π
2
)∥∥∥∥2
L2(Ωε1)
=C
∥∥∥∥∥∂ZDη∂ξ2
(
x1
ε
,
x2 −
π
2
ε
)
− sgn
(
x2 −
π
2
)∥∥∥∥∥
2
L2(Ωε1)
.
(8.19)
We rewrite the last norm as the integral and pass to variables ξ introduced above. At that,
we take into consideration that ZDη is 3-periodic function w.r.t. ξ1:
‖uε − u0‖2W 12 (Ωε)
> Cε2
(
2
[
1
3ε
−
1
2
]
+ 1
) ∫
Πη∩{ξ: |ξ2|<ε
− 1
2 }
∣∣∣∣∣∂ZDη∂ξ2 − sgn ξ2
∣∣∣∣∣
2
dξ. (8.20)
It follows from (8.12), (8.14), (8.15) that∫
Πη∩{ξ: |ξ2|<ε
− 1
2 }
∣∣∣∣∣∂ZDη∂ξ2 − sgn ξ2
∣∣∣∣∣
2
dξ > C(| ln η|+ 1).
It follows from two last inequalities that
‖uε − u0‖2W 12 (Ωε)
> Cε(| ln η|+ 1)
and therefore, estimate (2.7) is order sharp.
We proceed to Theorem 2.2. Assume that identity (2.9) holds true. It is easy to check
that for our simple model αε ≡ 2π/3 and thus, Assumption (A4) is satisfied for α ≡ 2π/3,
κ ≡ 0.
Here the formal constructing follows the same lines as above. We just need to change the
boundary condition for u0; now it should be (2.8) with β = 2π3 (ρ+ µ). In (8.3) we let
h0 := 1, h
+
1 = −h
−
1 :=
π
3
(ρ+ µ). (8.21)
Then for x2 close to
π
2
u0(x) = χ2(x1)
(
±
π
3
(ρ+ µ)
(
x2 −
π
2
)
+ 1
)
= χ2(x1)
(
±
π
3
(ρ+ µ)εξ2 + 1
)
. (8.22)
The internal layer is again introduced by (8.7), while the formula for v1 reads as
v1(ξ, x1) =
π
3
(ρ+ µ)χ2(x1)Z
D
η (ξ). (8.23)
Hence, by (8.13) and (6.8), we see that as ξ2 → ±∞
εv1(ξ, x1) = χ2(x1)
(
±
π
3
(ρ+ µ)ξ2 + 1− ε(ρ+ µ) ln
2π
3
+O
(
ε(ρ+ µ)e−
2π
3 |ξ2|
))
.
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Comparing these identities and (8.22), by the method of matching asymptotic expansions we
arrive at the boundary condition for u1:
u1 = −(ρ+ µ) ln
2π
3
on γ. (8.24)
The equation and boundary condition on ∂Ω are the same as in (8.17).
The leading terms of the asymptotics for uε are determined by (8.18) but with u0 given
by (8.2), (8.3), (8.21), v1 given by (8.23) and u1 being the solution to (8.17), (8.24).
Let us check the sharpness of estimate (2.13). We denote
Ωε2 := Ω
ε ∩
{
x : |x1| < 3ε
[
1
3ε
−
1
2
]
+
3ε
2
, ε <
∣∣∣x1 − π
2
∣∣∣ < ε 12} .
In our case, matrix Qεk introduced in (6.2) is the unit one: Q
ε
k = E and (6.4) is satisfied with
R5 =
5
8 . Then it follows from definition (6.5) of W
ε that this function vanishes as x ∈ Ωε2.
Hence, by (8.18), for x ∈ Ωε2 we get
uε(x) − (1−W ε(x))u0(x) =
π
3
(ρ+ µ)
(
εZDη
(
x1
ε
,
x2 −
π
2
ε
)
−
∣∣∣x2 − π
2
∣∣∣)+ . . .
Proceeding as in (8.19), (8.20), it is straightforward to check that
‖uε − (1 −W ε)u0‖W 12 (Ωε) > C(ρ+ µ)ε.
If ρ 6= 0, the obtained estimate means that the term ε
1
2 in the right hand side (2.13) is order
sharp. The second term (ρ+µ)κ, characterizes the non-periodicity of holes distribution. This
is why we can not provide any example proving the sharpness of this term. At the same time,
this term comes from Lemma 5.1. All the estimates in the proof of this lemma are sharp and
this is why the term (ρ+ µ)κ in (2.13) is order sharp and it proves the sharpness of estimate
(2.13).
Estimates (2.11), (2.12) are not order sharp since while proving them we have employed
quite rough estimate. In particular, in the proof of (6.22) we have estimated L2(Ω
ε)-norm by
W 12 (Ω
ε)-norm. At the same time, by (8.18), for |x2 −
π
2 | > π/3,
uε(x) − u0(x) = εu1(x) + . . .
and thus
‖uε − u0‖W 12 (Ωε) > Cε.
In estimates (2.11), (2.12) we have ε
1
2 instead of ε and in this sense this term is not far from
being sharp. Since in (2.11), (2.12) we estimate L2-norm, the above arguments on sharpness
of κ fail and we do not know whether this term is sharp or not. The term µ in (2.12) is
obviously sharp since operator H0β depends holomorphically on µ.
We proceed to the case ρ = 0; here we study the sharpness of estimate (2.14). We first
note that as ρ = 0,
‖(H0b − i)
−1 − (H0 − i)−1‖L2(Ω)→W 12 (Ωε) = O(µ)
and this is why in (2.14) we can replace H0 by H0β and study then the sharpness of the
obtained estimate with H0β .
We define u0 by formulae (8.2), (8.3), (8.21) with ρ = 0. It follows from (8.18), (8.23) that
for x ∈ Ωε1
uε(x) − u0(x) =
π
3
µ
(
εZDη
(
x1
ε
,
x2 −
π
2
ε
)
−
∣∣∣x2 − π
2
∣∣∣)+ . . .
Proceeding then as in (8.19), (8.20), we obtain
‖uε − u0‖2W 12 (Ωε)
> Cµ
and it proves the sharpness of the term µ
1
2 in (2.14). We can not prove that the second term
ε
1
2 is sharp. Moreover, we conjecture that the sharp estimate should involve the term µ
1
2
only, while ε
1
2 should be absent. Unfortunately, our technique does not allow us to prove such
estimate.
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8.2 Robin condition
In this subsection we study the sharpness of the estimates in Theorems 2.3, 2.4. In our simple
model we impose Robin condition
(
∂
∂ν + a
)
u = 0 with constant a on the boundaries of the
holes. Here the constructing of asymptotics follow the same ideas as for the Dirichlet case.
We begin with Theorem 2.4. Assume that a 6≡ 0, η = const. Function αε(s) introduced
in Theorem 2.4 is constant αε ≡ 2πη3 and Assumption (A5) is satisfied with α ≡
2πη
3 , κ ≡ 0.
In (8.3) we let h0 := 1, h
+
1 = −h
−
1 :=
πaη
3 .
We introduce the external and internal layers as
uεex(x) = u
0(x) + . . . , uεin(x) = v
0(ξ, x1) + εv
1(ξ, x1) + . . . (8.25)
We substitute the internal layer into (8.5) and equate the coefficients at the like powers of ε.
It leads to the boundary value problem for v0, v1:
∆ξv
0 = 0 in R2 \ θη,
∂v0
∂ν
= 0 on ∂θη, (8.26)
∆ξv
1 = 0 in R2 \ θη,
∂v1
∂ν
= −av0 on ∂θη, (8.27)
where ν is the inward normal to ∂θη. To determine the behavior at infinity for v
0, v1, for x2
close to π2 , we rewrite the formula for u
0 in terms of variables ξ and compare the obtained
expression with the internal layers (8.25). It implies:
v0 = χ2(x1) + . . . , ξ2 → ±∞, (8.28)
v1 = ±
πaη
3
χ2(x1)ξ2 + . . . , ξ2 → ±∞. (8.29)
Problem (8.26), (8.28) has a constant solution: v0(ξ, x1) = χ2(x1).
To solve the problem for v1, we need an auxiliary lemma.
Lemma 8.2. The problem
∆ξZ
R
η = 0 in Πη,
∂ZRη
∂ν
=
3
πη
on ∂θη,
with periodic conditions on the lateral boundaries has the unique solution behaving at infinity
as
ZRη (ξ) = ±ξ2 +O(e
− 2π3 |ξ2|), ξ2 → ±∞.
This solution can be represented as ZNη (ξ) = Z0(ξ) + Z˜
R
η (ξ), where function Z˜
R
η is 3-periodic
w.r.t. ξ1, decays exponentially as ξ2 → ±∞, and satisfies the uniform in η estimate
‖Z˜Rη ‖W 12 (Πη) 6 Cη.
The proof of this lemma is similar to that of Lemma 8.1.
The above lemma provides the solution to problem (8.27), (8.29):
v1(ξ, x1) = −
πaη
3
χ2(x1)Z
R
η (ξ).
The asymptotics for uε reads as
uε(x) = u0(x) (1− χε2(x2)) + χ2(x1)
(
1−
επaη
3
ZRη
(
x1
ε
,
x2 −
π
2
ε
))
χε2(x2) + . . . (8.30)
For x ∈ Ωε1 we get
uε(x) − u0(x) = −
επaη
3
ZRη
(
x1
ε
,
x2 −
π
2
ε
)
+ . . .
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As in (8.19), (8.20) we obtain
‖uε − u0‖2W 12 (Ωε)
> C
∥∥∥∥∥∂ZRη∂ξ2
(
x1
ε
,
x2 −
π
2
ε
)∥∥∥∥∥
2
L2(Ωε)
> Cε,
and it proves the sharpness of the term ε
1
2 . The sharpness of the term κ is justified by the
same arguments as for the estimates in Theorem 2.2.
We proceed to Theorem 2.3. Here we can not construct an example justifying the sharp-
ness. However, estimates (2.15), (2.16) are not far from being sharp. Namely, suppose that
a 6≡ 0, η → +0. In (8.3) we let h0 := 1, h
±
1 := 0. Then by analogy with the above construc-
tions one can get the asymptotics for uε similar to (8.30):
uε(x) =
(
u0(x) + ηu1(x)
)(
1− χε2(x2)
)
+
(
χ2(x1)
(
1−
επaη
3
ZRη
(
x1
ε
,
x2 −
π
2
ε
))
+ ηu1(x1, 0)
)
χε2(x2) + . . . ,
where u1 solves boundary value problem (8.17) with the boundary conditions[
∂u1
∂ξ2
]
γ
= 0, [u1]γ = 0.
For |x2 −
π
2 | > 2ε
1
2 we thus have
uε(x) = u0(x) + ηu1(x) + . . .
and therefore
‖uε − u0‖W 12 (Ωε) > Cη.
Comparing this estimate with the right hand side of (2.15), we see that they differ just by
| ln η|1/2 and in this sense estimate (2.15) is close to the sharp one.
If a ≡ 0, in (8.3) we let h0 := 0, h
±
1 := 1. The external and internal layers are again
introduced by (8.25), but with v0 ≡ 0. Function v1 should solve problem (8.27) with a = 0
and behave at infinity as v1(ξ, x1) = χ2(x1)ξ2 + . . ., ξ2 → ±∞. It reads as v1(ξ, x1) =
χ2(x1)Z
N
η (ξ), where an auxiliary function Z
N
η is described by the following lemma.
Lemma 8.3. The problem
∆ξZ
N
η = 0 in Πη,
∂ZNη
∂ν
= 0 on ∂θη,
with periodic conditions on the lateral boundaries has the unique solution behaving at infinity
as
ZNη (ξ) = ξ2 ±
η2
1− π
2η2
28
+O(e−
2π
3 |ξ2|), ξ2 → ±∞. (8.31)
This solution can be represented as
ZNη (ξ) = Z0(ξ) +
η2
1− π
2η2
28
∂Z0
∂ξ2
+ Z˜Nη (ξ),
where function Z˜Nη is 3-periodic w.r.t. ξ1, decays exponentially as ξ2 → ±∞ and satisfies the
uniform in η estimate
‖Z˜Nη ‖W 12 (Πη) 6 Cη.
The asymptotics for uε reads as
uε(x) = u0(x)χε2(x2) + εχ2(x1)Z
N
η
(
x1
ε
,
x2 −
π
2
ε
)
+ . . .
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And by analogy with (8.19), (8.20) we get
‖uε − u0‖W 12 (Ωε) > Cεη
2.
This estimate differ from the right hand side of (2.16) just by | ln η|
1
2 and hence, estimate
(2.16) is close to be order sharp.
D.B. was partially supported by grant of RFBR, grant of President of Russia for young
scientists-doctors of sciences (MD-183.2014.1) and Dynasty fellowship for young Russian
mathematicians. The research presented in Section 8 was supported by Russian Science
Foundation (project no. 14-11-00078).
References
[1] Albeverio, S., Gesztesy, F., Høegh-Krohn, R., Holden, H.: Solvable models in quantum
mechanics. 2nd ed. AMS Chelsea Publishing. Providence, Rhode Island (2005)
[2] Belyaev, A.G.: Averaging of a mixed boundary value problem for the Poisson equation
in a domain perforated along the boundary. Russ. Math. Surv. 45, 140 (1990)
[3] Birman, M. Sh.: On the averaging procedure for periodic operators in a neighborhood
of an edge of an internal gap. St. Petersburg Math. J. 15, 507-513 (2004)
[4] Birman, M.Sh., Suslina, T.A.: Homogenization with corrector term for periodic elliptic
differential operators. St. Petersburg Math. J. 17, 897-973 (2006)
[5] Birman, M.Sh., Suslina, T.A.: Homogenization with corrector for periodic differential
operators. Approximation of solutions in the Sobolev class H1(Rd). St. Petersburg Math.
J. 18, 857-955 (2007)
[6] N.N. Bogolyubov and Yu.A.Mitropol’skˇı, Asymptotics Methods in Theory of Nonlinear
Oscillations. Gordon and Breach, New York (1962)
[7] Borisov, D.: Asymptotics for the solutions of elliptic systems with fast oscillating coeffi-
cients, St. Petersburg Math. J. 20, 175-191 (2009)
[8] Borisov, D., Bunoiu, R., Cardone, G.: Homogenization and asymptotics for a waveguide
with an infinite number of closely located small windows. J. Math. Sci. 176, 774-785
(2011)
[9] Borisov, D., Bunoiu, R., Cardone, G.: On a waveguide with frequently alternating bound-
ary conditions: homogenized Neumann condition. Ann. Henri Poincare´. 11, 1591-1627
(2010)
[10] Borisov, D., Bunoiu, R., Cardone, G.: On a waveguide with an infinite number of small
windows. Compt. Rend. Math. 349, 53-56 (2011)
[11] Borisov, D., Bunoiu, R., Cardone, G.: Waveguide with non-periodically alternating
Dirichlet and Robin conditions: homogenization and asymptotics. Z. Angew. Math. Phys.
64, 439-472 (2013)
[12] Borisov, D., Cardone, G.: Homogenization of the planar waveguide with frequently al-
ternating boundary conditions. J. Phys. A. 42, id 365205 (2009)
[13] Borisov, D., Cardone, G., Faella, L., Perugia, C.: Uniform resolvent convergence for a
strip with fast oscillating boundary. J. Diff. Equ. 255, 4378-4402 (2013)
[14] Borisov, D., Krejcˇiˇrık, D.: PT -symmetric waveguide. Integr. Equat. Oper. Th. 62, 489-
515 (2008)
33
[15] Borisov, D.: Discrete spectrum of a pair of non-symmetric waveguides coupled by a
window. Sb. Math. 197, 475-504 (2006).
[16] Borisov, D.I.: Two-parametrical asymptotics for the eigenevalues of the Laplacian with
frequent alternation of boundary conditions. J. Young Scientists. Ser. Appl. Math. Mech.
36-52 (2002) (in Russian)
[17] Cardone, G., Pastukhova, S.E., Zhikov, V.V.: Some estimates for nonlinear homogeniza-
tion. Rend. Accad. Naz. Sci. XL Mem. Mat. Appl. 29, 101-110 (2005)
[18] Cardone, G., Nazarov, S.A.,Piatnitski, A.L.: On the rate of convergence for perforated
plates with a small interior Dirichlet zone. Z. Angew. Math. Phys. 62, 439-468 (2011)
[19] Cardone, G., Corbo Esposito, A., Nazarov, S.A.: Homogenization of the mixed boundary-
value problem for a formally selfadjoint elliptic system in a periodically punched domain.
St. Petersburg Math. J. 21, 601-634 (2010)
[20] Cardone, G., D’Apice, C., De Maio, U.: Homogenization in perforated domains with
mixed conditions. Nonlin. Diff. Eq. Appl. 9, 325-346 (2002)
[21] Cardone, G., Donato, P., Gaudiello, A.: A compactness result for elliptic equations with
subquadratic growth in perforated domains. Nonlin. Anal. Th. Meth. Appl. 33, 335-361
(1998)
[22] Chechkin, G.A.: Averaging of boundary value problems with singular perturbation of
the boundary conditions. Russ. Acad. Sci. Sb. Math. 79, 191-220 (1994)
[23] Chechkin, G.A., Chechkina, T.A., D’Apice, C., De Maio, U.: Homogenization in domains
randomly perforated along the boundary. Discr. Cont. Dynam. Syst., Ser. B. 12, 713-730
(2009)
[24] Chechkin, G.A., Yu. O. Koroleva, Meidell, A., Persson, L.-E.: On the Friedrichs Inequal-
ity in a Domain Perforated Aperiodically along the Boundary. Homogenization Proce-
dure. Asymptotics for Parabolic Problems. Russ. J. Math. Phys. 16, 1-16 (2009)
[25] Gadyl’shin, R.R., Koroleva, Yu.O., Chechkin, G.A.: On the eigenvalue of the Laplacian
in a domain perforated along the boundary. Dokl. Math. 81, 337-341 (2010)
[26] Gadyl’shin, R.R., Koroleva, Yu.O., Chechkin, G.A.: On the convergence of solutions and
eigenelements of a boundary value problem in a domain perforated along the boundary,
Differ. Equ. 46, 667-680 (2010)
[27] Gadyl’shin, R.R., Koroleva, Yu.O., Chechkin, G.A.: On the asymptotic behavior of a
simple eigenvalue of a boundary value problem in a domain perforated along the bound-
ary, Differ. Equ. 47, 819-828 (2011)
[28] Gadyl’shin R.R., Kozhevnikov D.V., Chechkin G.A.: Spectral problem in a domain
perforated along the boundary. Perturbation of a multiple eigenvalue. J. Math. Sci. 196,
276-292 (2014)
[29] Go´mez, D., Lobo, M., Pe´rez, M.E., Shaposhnikova, T.A.: Averaging of variational in-
equalities for the Laplacian with nonlinear restrictions along manifolds. Appl. Anal. 92,
218-237 (2013)
[30] Go´mez, D., Pe´rez, M.E. and Shaposhnikova, T.A.: On homogenization of nonlinear Robin
type boundary conditions for cavities along manifolds and associated spectral problems.
Asymptot. Anal. 80, 289-322 (2012)
[31] G. Griso: Error estimate and unfolding for periodic homogenization. Asymptot. Anal.
40, 269-286 (2004)
34
[32] G. Griso: Interior error estimate for periodic homogenization. Asymptot. Anal. 4, 61-79
(2006)
[33] G. Griso: Estimation d’erreur et e´clatement en homoge´ne´isation pe´riodique. C. R. Acad.
Sci. Paris Ser. I Math. 335, 333-336 (2002).
[34] G. Griso: Interior error estimate for periodic homogenization. C. R. Acad. Sci. Paris Ser.
I Math. 340, 251-254 (2005).
[35] A.M. Il’in: Matching of Asymptotic Expansions of Solutions of Boundary Value Prob-
lems. Amer. Math. Soc., Providence, RI (1992).
[36] Jikov, V.V., Kozlov, S.M., Oleinik, O.A.: Homogenization of Differential Operators and
Integral Functionals. Springer-Verlag, Berlin-New York (1994).
[37] Kenig C.E., Lin F., Shen Z.: Convergence rates in L2 for elliptic homogenization prob-
lems. Arch. Rat. Mech. Anal. 203, 1009-1036 (2012).
[38] Kenig C.E., Lin F., Shen Z.: Periodic homogenization of green and neumann functions.
Comm. Pure Appl. Math. 67, 1219-1262 (2014).
[39] Ladyzhenskaya, O.A., and Uraltseva, N.N.: Linear and quasilinear elliptic equations.
Nauka, Moscow (1973) (in Russian)
[40] Lobo, M., Oleinik, O.A., Pe´rez, M.E., Shaposhnikova, T.A.: On homogenizations of
solutions of boundary value problems in domains, perforated along manifolds. Ann. Sc.
Norm. Super. Pisa Cl. Sci. (4). 25, 611-629 (1997)
[41] Lobo, M., Pe´rez, M.E., V.V. Sukhareva, Shaposhnikova, T.A.: Averaging of boundary
value problem in domain perforated along (n − 1) dimensional manifold with nonlinear
third type boundary conditions on the boundary of cavities. Dokl. Math. 83, 34-38 (2011)
[42] Lobo, M., Oleinik, O.A., Pe´rez, M.E., Shaposhnikova, T.A.: On boundary-value prob-
lems in domains perforated along manifolds. Russ. Math. Surv. 52, 838-839 (1997)
[43] Marchenko, V.A., Khruslov, E.Ya.: Homogenization of Partial Differential Equations,
Progress in Mathematical Physics, 46. Birkha¨user, Boston (2006)
[44] Marchenko, V.A., Khruslov, E.Ya.: Boundary Value Problems in Domains with Fine-
Grained Boundary. Naukova Dumka, Kiev (1974) (in Russian)
[45] Mikhajlov, V.P.: Partial Differential Equations. Mir Publishers, Moscow (1978)
[46] Nazarov, S.A.: Dirichlet problem in an angular domain with rapidly oscillating boundary:
Modeling of the problem and asymptotics of the solution. St. Petersburg Math. J. 19,
297-326 (2008)
[47] Oleinik, O.A., Sanchez-Hubert, J., Yosifian, G.A.: On vibration of a membrane with
concentrated masses. Bull. Sci. Math. 115, 1-27 (1991)
[48] Olejnik, O.A.,Shamaev, A.S., Yosifyan, G.A.: Mathematical Problems in Elasticity and
Homogenization, Stud. Math. Appl., 26. North-Holland, Amsterdam (1992)
[49] Reed, M., Simon, B.: Methods of Modern Mathematical Physics I: Functional Analysis.
Academic Press, New York (1980)
[50] Pastukhova, S.E.: Some Estimates from Homogenized Elasticity Problems. Dokl. Math.
73, 102-106 (2006)
[51] Pastukhova, S.E. and Tikhomirov. R.N.: Operator Estimates in Reiterated and Locally
Periodic Homogenization. Dokl. Math. 76, 548-553 (2007)
35
[52] Sa´nches-Palencia, E.: Non Homogeneous Media and Vibration Theory, Lecture Notes in
Physics, 127. Springer-Verlag, Berlin-New York (1980)
[53] Suslina, T.A.: Homogenization with corrector for a stationary periodic Maxwell system.
St. Petersburg Math. J. 19, 455-494 (2008)
[54] Suslina, T.A.: Homogenization in Sobolev class H1(Rd) for periodic elliptic second order
differential operators including first order terms. St. Petersburg Math. J. 22, 81-162
(2011)
[55] Suslina, T.A., Kharin, A.A.: Homogenization with corrector for a periodic elliptic oper-
ator near an edge of inner gap. J. Math. Sci. 159, 264-280 (2009)
[56] Zhikov, V.V.: On operator estimates in homogenization theory. Dokl. Math. 72, 534-538
(2005)
[57] Zhikov, V.V.: Spectral method in homogenization theory. Proc. Steklov Inst. Math. 250,
85-94 (2005)
[58] Zhikov, V.V.: Some estimates from homogenization theory. Dokl. Math. 73, 96-99 (2006)
36
